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ALGEBRAIC ARITHMETIC 


INTRODUCTION 

1 Intermediate between the modem analytic theoiy of 
numbers and classic aiithmetic as developed by the school 
of G-auss, is an extensive legion of the theoiy of numbeis 
where the methods of algebra and analysis aie fieely used 
to yield lelations between integeis expi esse d wholly in hnite 
teims and without lefeience, m the final pi ©positions to the 
operations oi concepts of limitmg piocesses Thii, pait ot 
the theory of numbeis we shall call algelnait cuithmetn Its 
boundaiies aie not shaiply defined iioi is it desiiable that 
they should be, as power comes fiom flexibility and almost 
any part of aiitlimetic can be piofitably employed in any 
other Neveitheless theie is a laige, gi owing and somew^hat 
uncoordinated body of lesults, with many aims and methods 
peculiai to itselt, which falls into neithei the classic theoiv 
of numbeis noi the modem developments of the analytic and 
algebiaic theoiies, and this legion, w^hich we have called 
algebiaic arithmetic, offeis many suggestive oppoitunities toi 
systematic exploiatioii It is the pin pose of the following 
chapteis to outhne a few piomismg duections m wluch piogiess 
may be made toward classi^ng, extending and geneializiiig 
the methods and lesults of algebiaic aiithmetic The in- 
sistence will be upon geneial methods lathei than specific 
applications, as the lattei aie so numeious, and so leadily 
made fiom the geneial formulations, that it will be sufficient 
meiely to indicate occasionally a few of them to lend con- 
cieteness to the abstiact theoiies What is given heie is but 
a naiiow’^ cioss section of a veiy extensive field 
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2 The distinction between analytic and algebraic arithmetic 
IS evident fiom the compaiison of two famous theorems Let 
= the iiumbei of lepiesentations of 7i as a sum of 
4 integei squaies, s{n) = the sum of all the odd dmsois 
of n, 7r(^) — the numbei of pnmes < % Then 

Fin) — 8[2-f( — l)"]s(u), L 7r('r )/(cc/log x) — I 

(,—^00 

The fiist accoids with the geneial desciiption in § 1, the 
second belongs to a totally diffeient ordei of ideas They 
have in common one feature howevei which is of moie than 
meiely hi&toiical inteiest both were disco veied by tran- 
scendental methods The fiist has since been pioved in many 
ways in the mannei ti aditionally called elemental y in arith- 
metic, fioni its natiue the second is incapable of such pi oof 

The numeioiis pi oofs which have been devised foi the 
4-&qiiaie theoiem, oi foi its less complete foim which asseits 
that eveiy integei is the sum of 4 squaies, ceitainly one of 
the peifect gems of aiithmetic, emphasize the advantages in 
the theoiy of numbei s of multiplying pi oofs foi the light 
which such 1 evaluations of known theoiems thiow upon the 
theoiies in which they oiiginate This paiticular theoiem 
has eniiched, and has been eniiched by the theoiies of 
elliptic functions, quaternions and then geneializations, and 
Dickson aiithmetics Staiting fiom Jacobi’s elemental y le- 
castmg of the tianscendental pi oof by means of elliptic 
functions, foi instance, Liouiille states that, following Diiichlet, 
he was led to the disco veiy of his iioweiful geneial foimulas 
in the theoiy of numbei s which he published without pi oofs, 
and thence back, by a natuial leaction, to an iiiteiestmg 
geneialization of elliptic functions — which has not yet been 
fully exploied Again, Eulei’s eaily attempts to piove that 
every integei is the sum of 4 squaies gave Imn his identity 
w'hich, in modem phiase, is the theoiem foi the noim of the 
piodiict of two quaternions, this m turn suggested to Griaves, 
Eobeits, Cajdey and otheis pmely algebiaic investigations 
which have again leacted on the theory of numbei s thiough 
Diekson‘'s aiithmetics 
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3 Eiom oui point of view m the piesent theoiy it is little 
to the piu pose to offei as an objection against atianscendental 
proof the lemaik that a pmely elemental y demonstiation is 
in existence oi may be found Atianscendental pi oof often 
exhibits the advantages inheient in the impulses to geneial- 
ization and unification chaiacteiistic of analysis But it must 
not be toigotten, on the contiaiy, that a finite, stiictly ele- 
mental y pi oof as fieqiiently feitilizes an otheiwise baiien 
waste of algebia by the intioduction of new aiithmetical 
concepts oi piocesses Neithei the tianscendental noi the 
elemental y method can be fiuitfully used foi long to the 
exclusion of the othei If occasionally we seem to go out 
of oui way to make the elementaiy tianscendental oui apology 
IS that analytical pi oofs, judged bj the ease with which they 
aie letanied and applied, aie altogethei moie elemental v 
than many in the theoiy of numbeis which depend upon 
nothing moie advanced than the ludiments of algebia The 
piiiicipal leasoii howe\ei foi oiu emphasis of tianscendental 
methods is then powei, suggests eness and the leadiness 
with which they yield themselves to geneialization Incident- 
ally it may be lemaiked that even the most elementan pi oofs 
in the theoij of numbeis aie tamted by the tiaiiscendence 
inheient in mathematical induction and in the notion of any 
integei n” 

4 In the desciiiition of algebiaic arithmetic ve haie used 
seveidl teims whose sigmficaiice is usually taken bj consent 
as being obvious, but which vill be cleailv undei stood onty 
when laige tiacts of extant aiithmetic have been subjected 
to the postulational method Among these is aiithmetic itself 
It IS geneially conceded that an aiithmetic, as distinguished 
fiom an algebia, must be based on integial elements Theie 
exists howevei no set of postulates sufficiently elastic to 
embiace all the known instances of elements called integial 
by then cieatois An abstiact logical analysis, culminating 
in the relational formulation of existing aiithmetical theoiies 
should disclose the essential chaiacteiistics common to all 
In the absence of even paitial analysis of this kind foi the 


1* 
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fundamental concepts of arithmetic we shall ofEei tentatively 
a definition to justify oui subsequent chai acterization of 
ceitain theoiies as aiithmetical, and to this we turn first 
The algebiaic vaiieties (iings, iiiegulai fields, matiic fields, 
etc ,) encountei ed in this attempt ai e valuable instruments 
in algebiaic aiithmetic, independently of whethei they may 
ultimately yield a satisfactoiy description of arithmetic itself 
We shall theiefoie state thenc postulate systems in full, 

Foi easy lefeience the seveial varieties indicated by Gei- 
man capitals have been included m the index at the end of 
the book 
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VARIETIES OF ALGEBRA 
USEFUL IN ALGEBRAIC ARITHMETIC 

lEREGULAE FIELDS, MODULES, EAYS, EINGS SEMIGEOUPS, 

§§ 1-3 

I Common algebra, abstract identity By common 
algeh a SI we shall mean the set of all piopositions, including IJ, 
implied by the set 12 of postulates of the absti act. field % 
in which the notations aie as usual a-rh, ah denote the 
sum, piodiict of any two elements a h the zeio, unity 
111 aie written 0, 1, and 11 is as in Dickson, Algeh) as a?id 
then) Arithmetics (1st edition p 200) This IT is identical 
with that stated m § 2 if theie we take m = 1 The fields 
of all complex, lational iiumbeis aie denoted by ^c, 
lespectively 

The elements and opeiations of % aie absti act in the sense 
of maiks without significance bejond that implied by the 
asseition of IT By assigning to the elements and opeiations 
of specific mteipietations Ij ~ 1, 2, ) such that the 

resulting systems aie consl^tent with IT (and with Jj), we 
obtain instances % of and 21^, aie said to be identical 
or distinct according as Ij, h aie the same oi ditteient, 
2t and distinct (y = l,2, ) aie said to be absti adly 

identical The simplest aie 

A system obtained fiomSl by modification (including sup- 
pi ession) of one 01 moie of the postulates IT will be called 
a variety In any variety definitions piecisely similar to 
those foi 21 concerning instances and absti act identity are 
piesupposed Vaiieties wall be designated by Geiman capitals. 

2 . Irregular fields U consists of a set 2 of elements 
cc, 0, , y, and two opeiations 8, P (called addition, 

midttphcaUon) which may be performed upon any two distinct 
or identical elements a, ^ of IS ^ m this older, to produce 
5 
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uniquely detei mined elements S{ct, P{a, /S} in JS* (this is 
a postulate), such that the postulates (2 l)-(2 5) ai e satisfied 
Elements of -S’ will be called elements of H, and siinilaily 
in all like cases 

(21) If a, yS aie any two elements of 11, then 

(2 2) If a, yd, / aie any three elements of U, then 
s{s{o,/S},y| = s|a,S{/S,y}}, p{p{uj),r\ = P{a,P{/S,)'}j , 
p{“, -s{y«, )'}} = <s{p{«, /*}. P{«, r}} 

(2 3) Theie exist m U t-wo distinct elements, denoted by 
C, V, such that, if a is any element of 11, 

8{u, = a, p{a, t') = a 

(2 4) Whatevei be the element « of U theie exists in U 
an element od such that yS'iw, a^} = C 

(2 5) Whatevei be the element yd of U dilfeient fiom each 
of the m (^1) distinct elements tj (,; = 0, ,m — 1), wlieie 
^0 = C, of 11 theie exists in 11 an element yd' such that 
P{», »'} = V 

The Cj (,; = 0 m — 1) in (2 5) aie called Dieqida), 
aH othei elements of 11 Qegiilai , yS'{a, yd}, P{«, yd} in (2 1) 
aie called the sum, xDiodiict of «, yd, and m (2 3) the 
zero, unity of 11 An instance of 11 is said to be legnlm 
or itiegula) aecoiding as m==l oi ?b> 1 when U contains 
precisely m uiegulai elements we indicate this by wilting Um, 
and instances of 11 aie designated by accents, thus llj,i, Um, 
Hence Ui = SI = ^ We shall wiite Uw = and call 
an 2}]egula7 jield 

By shght modifications of Dickson’s pi oofs foi ^ we have 
the following basic theoiems foi 11^ and hence for 

(2 6) fe, V are unique in Um 

(2 7) y^lce fi) — yS'ja, y) implies ^ — Y Hence a in (2 4) 
is unique, it is called the negntiie of « 
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{2 8) If a, /9 aie in Um theie exists m Um a unique # sucli 
ttat S{a, ^] = JS 

(2 9) If cc, Y aie m Um and P{a, = P{a y], and 
if u IS legulai, then j3 — y Hence /?' in (2 5) is unique 
(2 10) If cc, yd aie in Ilwi and « is legulai, theie exists m 
Hm a unique e such that P{a, 6} ~ /3, 6 is called the qnotimt 
of ^ hy cc, \t — u, 6 is called the i e( ipt ocnl of « It is 
sufficient, and tiequently shoitei, to leplace division bj a 
multiphcdtion by the lecipiocal of cc To show that division 
m a given vaiiety is possible in the sense of (2 10) it suffices 
to piove that a legulai element has a unique lecipiocal 
This lemaik will be found useful m some of the moie com- 
plicated instances occmimg latei 

The consistency of the postulates is pio\ed as ve pioceed 
by exhibiting numeious instances of vaiieties which satisfy 
them 

Foi the following leraaiks on U„, which place Uw with 
lespect to lineal algebia, I am indebted to Piofessoi Weddei- 
buin Let be a cmnmutative liiieai associative algebia 
of which the algebia Si = (to, Ci, fc«t-i), with Co = C- 
IS an invaiiant subalgebia Then U^n is the diffeience algebia 
ip — and equality in Um can be inteipieted as ‘congiuent 
mod Si", also v is the identity element of It Si is maximal 
and W commutative, Uw = — Si is necessaiily a field 

The vaiieties and seveial of then instances 

, aie fundamental toi algebiaic aiithmetic, as also aie 
the following 

3 Modules, rays, rings, commutative semigroups 
Denote foi the moment by S, P, P— i S-i addition, multi- 
plication, division and subtiaction in Uwi, P— i, S—x being 
given by (2 10), (2 7), and wiite {OT ) foi a vaiiety closed 
under opeiations 0, T, , togethei with those opeiations 
Then in U„i we have 15 conceivable subvaiieties {S^ P^P-li/S'li), 
where each ot a,!), c, d = 0 o\ \ We shall leqime only the 
following m addition to IXwi the module, 2)1 ^ , 

the lay, (PP_i), the iiny, 91 = {SFS-i) Thus in U we 
have the vaiieties commonly designated by the same names, 
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a module o± St is a set in SI closed under addition and sub- 
traction m SI, a lay of St is an abelian gioup in St undei 
multiplication in St, a nng of St is a system in St closed 
under addition, multiplication and subtraction in St These 
cases are of particulai importance later 

Instead of the ray we shall generally use the commutative 
semigroup, which dtffieis from the ray in that leciprocals do 
not necessarily exist m the system, although cancellation of 
common factors from equal pi oducts is legitimate For brevity 
we confine the following to the case conesponding to St, 
the postulates are practically those of Dickson (T/ aiisactions, 
vol 6, 1905, pp 205-208) 

A semigimip ® is a system consisting of a set of elements 
a, /3, , y, and an operation P which may be pei formed 

upon any two distinct oi identical elements a, J3 of in 
this oidei, to produce a uniquely determined element (a, J3) 
of 2^ such that the postulates (3 l)-(3 3) are satisfied P is 
called rmtlttphcation, fi) the ptochid of «, y®, elements 

oi^Q aie called elements of © 

(3 1) If cc, y aie any elements of © then 

Pg(P6?(«, /S), y) = Pg(«, Pg(/^, y)) 

(3 2) If a, yS, y aie elements of © such that PeCa, ^) 
= Pg(«, /), then = y 

(3 3) It a yfi,y are elements of © such that Pg(/5, «) 
= Fg {y, a), then ~ y 

It is shown by Dickson that any left unity ^ of multiplication, 
Paipt cc) = a for each a in ©, is also a right unity, 
Pe («; iw) = «, and further that the existence of ii implies 
that not moie than one reciprocal a' exists foi each a in ©, 
VIZ , Pq{cc, a') = II for a in © has one solution a' oi none 

Adjoining to (3 l)-(3 3) two furthei postulates, 

(3 4) Pe(«,^) = P6 0»,«), 

(3 5) There exists in © a unity <u., Pq (a, {a) = Pq «) 
we shall call the © satisfying (3 1)— (3 5) a commutative semi- 
group with unity (A. 
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CHAKACTERISTICS OF ALGEBRAIC ARITHMETIC, §§4-7 
4 Instances of arithmetical theories According to 
the fundamental theorem of lational arithmetic a positive 
integei is uniquely the pioduet of positive piimes, a prime 
IS the pioduct of no two integeis both difteient fiom units 
Similai definitions hold m the theory of algebiaic numbeis 
wheie, howevei, the fundamental theorem fails and wheie 
also it IS necessary to distmgmsh between iiiimes in a ring 
and elements of the iing indecomposable with lespect to 
multiplication It will be sufficient here meiely to lecaU 
a few of the principal definitions in ordei to lend reasonableness 
to our subsequent description of algebiaic arithmetic 

If «, >5 aie any elements of a iing 91 of algebiaic numbeib, 
and if the G C D * of a, yS exists and is in 91, then 91 is 
said (by J Konig, Algehaische Gtofipu, Leipzig 1903) to 
be a complete holoid domain Let 91 be such Elements 
of 91 difieimg only by unitt factois aie called eqmiahnf 
An indecomjyosable element of 91 has no tactoi in 91 not 
equivalent to y oi to the absolute unit 1, it t ns, m 91 and 
is such that n divides a product « yd ol tvo elements yd 
in 91 only when n divides at least one ot «, >d tt is called 
prime in 91 An indecomposable element in 91 is not in 
geneial piime iii 91 The fundamental theoieni (unique 
factorization into piimes) holds foi finite pioducts in 91 
All algebraic integer is a loot of an algebiaic equation 
with rational integei coefficients, that of the highest powei 
ot the unknown being unity The lational integeis aie theie- 
foie algebraic, but the failuie in geneial of the fundamental 
theoiem shows that the geneialization implied in this lemaik 

* The G C D IS defined thus, and an abstractly identical definition is 
assumed in any vaaiety where the GOD is significant If d divides 
«e and yS, and if S contains every y which divides « and y?, then d is called 
the GOD of a and yS Likewise foi the L 0 M If is a multiple 
of « and y3, and if ^ is contamed m eveiy ^ which is a multiple of « 
and y3, then fi is called the L G M of « and y? 

t A umt in Sft is an element of 91 which divides every element of 91, 
the quotient being also in 91 Similarly, when sigmficant, for nmts in 
any variety 
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IS but paitial, the strictly aiithmetical character of the theory 
IS attained only by passing to elements (ideals in Dedeland’s 
theory, ideal numbeis in the theories of Zolotaieff, Piufer, 
V. Neumann and otheis) beyond the original data (algebraic 
integers) In this lespect the multiplicative theory of algebiaic 
integers is abstractly identical with no pait of classical 
rational arithmetic, for in the lattei the fundamental theorem 
subsists for the original integial elements themselves It 
howevei the lational mtegeis be leplaced by the piincipal 
ideals which they define (m rational aiithmetic), abstiact 
identity, for multiplicative aiithmetic only, is achieved 

The above lemaiks are intended meiely to suggest the 
difficulties inherent m an attempt to state inclusively the 
essential distinction between an algebiaic theoiy and one 
that may piopeily, in accordance with accepted instances, 
be called aiithmetical As it is one of the major piojects 
of algebraic arithmetic to discovei absti act identities between 
rational aiithmetic and arithmetic in given instances of 
varieties, we shall attempt next to fianie a definition of 
aiithmetic which shall pieseive the characteiistic features 
of the classical theoiies just desciibed and be applicable to 
seveial extensive tiacts of the theoiy of the lational and 
algebraic numbers The following may be regaided as a 
tentative first appi oximation to a postulation of aiithmetic 
Note that aU postulates in what piecedes (and the like 
applies to subsequent varieties) have been so fiamed as to 
exclude divisois of iiregulai elements, and in particular 
dmsois of zeio 

5 Restricted and complete arithmetical theories 
Let ® be a commutative semigroup with unity (a It (ju has 
divisois m ® (~ elements of (Si whose pioduct is ju,), they 
will be called units, fi in any case is included in the units 
Elements of ® diffenng only by unit factors are equivalent, 
m what follows equivalent elements are regarded as identical 
Then, if and only if there exists in ® a subset 2 of elements 
which is such that no element of is the product of two 
elements of 2 both different from units, and each element 
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of © except that is not m JS" is the pioduct of elements 
of ^ in one way only (apait from pei mutations of the factors), 
and fuither © contains at least one element other than /n, 
we shall call © an mithmehcal senngto^qj We saj that © 
IS 01 tmprop&i accoidmg as the nnmbei of factois in 

the unique multiplicative decomposition of elements of -2* is 
or IS not finite for each element of 2 In any instance ©^ 
of © we write 2j foi 2, and fij toi It need not be 
discussed heie whethei impiopei ©’& exist 
Let Slj be an instance of Then, if and only if it be 
possible to segregate fiom all the elements of a img 
fiom whose elements can be constiucted a set 0^ of functions 
forming an arithmetical semigioup %, shall we say that % 
has (with lespect to ©j) a ^esbicied mithmetical theory ^ it 
in addition the elements of ©j foim a ring ve shall say 
that % has with i aspect to ©^ a complete m ithmetual tlieoiy 
And in each case the theoij is inopei oi imxnope) with ©j 
“Aiithmetical theoij ”, unless otheiwise stated shall mean 
piopei (lestiicted oi complete) aiithmetical theoii 

Similaily, if in the above 5(y, §( be leplaced bj any 
instance SSj of any varietj foi which the concepts ot iiiig 
and semigioup aie significant, including the case = 31, 
= 31j, we define the two species ot aiithmetical tlieoiies 
foi these vaiieties 

In these definitions fimcti(m is to be iindei stood m its wudest 
sense it a, y aie elements of any kind such that y is known 
when X is assigned, y is called a function ot x Poi example 
to illustiate an instance much used plesentlJ^ it the aie anj 
elements ot 33, and x is the matrix (ui, , a-«), then the 

matiix y = (a„, a^, /(,)» wheie a, b, , c aie definite 

integeis chosen fiom the set 1, 2, , u, is a function ot a 

Write foi a moment Oj, nij, Sj for addition, multiplication 
and subti action in 31^ = (q, mj Sj), and dj for division in 
Then Stj ~ («; mj dj Sj), while multiplication mj in ©j 
IS in general distinct fiom orij 

To illustrate the last lemark, in lational arithmetic we 
have my, mj identical, fRj being here the ring of all rational 
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integers and the set of all lational primes, 
fjbj — i In the theoiy of algehiaic numbers fR, is the iing 
of all algehiaic integeis in a given algebraic number field 31^, 
while the elements (~ functions) in ©j ai e the ideals con- 
structed from elements of mj is now multiplication of 
algehiaic integeis, mj m is multiplication of ideals, and 
is the set of prime ideals, == the unit ideal Hence, 
in the sense defined above, Dedekmd’s theory is restricted, 
rational anthmetic and the levised theories of algebraic 
numbers due to Piufer {Mathematisclie Annalm, vol 94, 
1925-6) and v Neumann aie instances of complete arith'- 
metical theoiies Our definitions aie theiefore not vacuous 
6 Additive and multiplicative arithmetic Complete 
arithmetical theoiies aie lare, as arithmetic has developed 
historically into two comparatively immiscible parts, the 
additive and the multiplicative This separation extends to 
algebraic aiithmetie In additive aaithmetic we are concerned 
with those piopeities of numbeis which cluster about addition, 
m multiphcative with those spimging from multiplication, 
pnmahty, and the unique factorization law 
For additive arithmetic, m ^c, the appropriate analytical 
machmeiy is the theoiy of powei senes of a single vanable, 
for multiphcative the theory of Dnichlet series of one 
dimension — the common species Each of these is susceptible 
of an n-fold generahzation, giving the corresponding theoiies 
for sets of w ^ 1 integeis It will be sufficient to develop 
the theory for w = 1, as the theory for can be placed 
in (1,1) correspondence with that for « = 1 by a well known 
device due to Gauss and used by Kionecker and others in 
the theoiy of algehiaic numbeis to pass from polynomials in 1 
mdeteiminate to the like for several The associated algehiaic 
varieties are the module and the ring foi additive, and the 
ray or the semigioup, preferably the latter, foi multiplicative 
anthmetic. These also have n-fold generalizations, based on 
the like for 11^, but we shall attend only to the case n — I, 
In the analytical theory of numbers convergence and Inmtmg ' 
process^ are central, in algebraic anthmetic infinite processes 
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m the usual sense entei only mcidentallj’’ and can alw ays be 
replaced by elementaiy algonthms Hence we shall leplace 
the entile algebia of powei senes in by a 'vaiiety (5^, 

a special whose elements aie matiices (one-rowed in 
the case discussed heie) of infinite oidei, and similailj^ foi S) 
and Dmchlet multiplication Both E and 2) aie veij special 
instances of what we shall call a matiic field which also 
includes many fuithei vaiieties useful in algebiaic aiithmetic, 
and this itself is an instance of By this means we put 
transcendental algebiaic aiithmetic on a sound abstiact basis 
When infinite piocesses are used m the sequel as m oidmai> 
analysis, conveigence of course is essential, and it it is onlj 
occasionally mentioned where lelevant foi example in the 
theta and elliptic expansions, this is because all the processes 
occurring aie either known to be conveigent oi may be shovn 
to be so by simple means Fiom 6:, S will be constiucted 
in a subsequent chaptei a moie lecondite vaiietj @ the 
algebra of piimality and unique factoiization w^hich jields 
foi any and foi any instance ot 91 a complete aiithmetic al 
theory of consideiable inteiest Both S and ^ illustiate 
Weddeibuin’s theoiy of algebias lacking a finite basis 
(T) ansactions, vol 26, 1924 pp 395-426), d is appaientlj 
of a ditteient species 

7 Crosses and possible generalizations Attempts 
to cioss feitilize the additne and multiplicati\ e sections ot 
aiithmetic invaiiably lead to seiious difficulties Thus the 
classic the 01 j" of paititions is additive, one of its eailiest 
hybrids is the aiithmetic theoiy ot foi ms, including Wai mg s 
theorem, anothei is Goldbach s conjectuie Again no satis- 
factory definition (unless it may be in the lecent attempts 
of Prufer and v Neumann) has been evolved foi the addition 
of ideals 

There is howevei one striking exception in this discouiagmg 
prospect The theory of the multiply periodic functions pro- 
vides an inexhaustible store of additive-multiplicative properties 
of the rational integers Nor is this limited as in the classical 
developments of this bianch of anthmetie, to diophantine 
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equations and inequalities of the second degree An extensive 
class of interesting problems of any degree may be investigated 
by the general aiithmetical foimulas furnished by the theta 
functions of 2? ^ 1 variables and their quotients For this 
a variety discussed in detail m the next chapter, emerges 
as fundamental In the elaboration of ^ several instances 
of the varieties alieady defined appear as useful accessoiies 
Foi aU of e, S), e, and a fifth mstance 93 of useful 
in the study of sequences of numbeis 01 functions, certain 
prelimmaries concerning one-iowed matrices (01 vectois) are 
mdispensable 

Befoie proceeding to these we may point out three ways 
in which the concept of an aiithmetical theoiy admits of 
geneialization The fiist we have alieady mentioned all 
that follows can be lecast with w-fold (^^> 1 ) senes and 
pi 0 ducts as a background^ this leads to the w-fold general- 
izations of the verities used here, and can be placed in ( 1 , 1 ) 
correspondence wnth them Next, if we 1 eg aid unicity of 
decomposition, the evident aspect of atomicity, as it weie, 
as the essence of aiithmetic, we aie not confined to multipli- 
cation and its consequent ® m the definitions of indecompos- 
able and primes, but may base an arithmetic on addition, 
01 on any of the opeiations indicated piesently 

At least one instance of an aiithmetical theoiy founded 
on pnmality with respect to addition exists, namely in Prufei’s 
theory of ideal numbeis (not ideals in the usual sense), 
which possess a unique additive decomposition 

Finally theie is the possible extension of all that precedes 
to n-adic relations, 71 > 2 , of which a specific example is the 
multiplicative theoiy of matnces m space of n dimensions 
In any of the foregoing mstances theie aie the fuither 
opportumties of developing the arithmetic (as defined here) 
of the varieties obtamed by modifying the postulate systems 
of any given varieties, e g , by suppressmg the commutative 
law As a clue to an implicit arithmetic any quality of 
uniqueness is woith following and elaboratmg This yields 
for example, the germ of an arithmetic of geometry, in whick 
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uniqueness lesides in the deteimination of one class by two 
or moie classes We letiim to this in the final chaptei 

ONE-EOWED MATRICES, §§ 8-9 
8 Cj D matrices, scalars, products, functions in SB 
Foi subsequent use we need a few simple concepts concerning 
one-iowed matiices As most of these aie not curient they 
demand detailed definition The following is continued in § 24 
A set IS a collection of elements without lefeience to 
airangement, if the collection be aiianged accoiding to any 
law it becomes a one-iowed matiix, in which any given oidei 
of the elements may be taken as noimal Two noimal types 
will be considered the in which the suffixes of the elements 
lun 0, 1, , and the D, m which they lun 1 2, Thus 

(-203 2 * 1 , iZu) IS a C matiix of n-fl (zi, '> , ^„) 

a J9 matiix of o/clei n The C, D types lefei lespectnely 
to additive and multiplicative aiithmetic when it is unnecessai y 
to draw a distmction eithei the O oi the D may be used It 
all the elements of a matiix aie in a given laiiety 35, the 
matiix IS said to be m 35 If Za^ zi,^ , anj subset ot 
the elements of any matrix, the noimal oidei is that in vhich 
the suffixes are in ascending oidei Thus it a <.h 
the noimal matrix consti acted fiom Za-> ^6, , zc i^ {z^, ^c) 

By a mere change in the notation of the elements anv matiix 
can be wiitten iii either the C oi the D foim In all appli- 
cations the matrices may be replaced if desued bv the sets 
111 which they originate, but as this yields no essential gam 
in geiieiality, and as it is always shoitei to use the deiived 
matiices, we shall attend exclusively to the lattei The 
elements of oui matrices ol, y, belong to a vaiiety 35 or 
they aie themselves such matiices In the lattei case the 
matrix may be repiesented as a lectangulai an ay of elements 
of 35, but this, as will appear, is no advantage 

EqiiaUty of matiices, z — w, wheie z — {zh, zk+i, Zn), 
w = (icfe, Wh+i, , Wn), and /£ = 0 or 1 accoiding as both 
ot z, w &ie C or D, is defined as usual z — w when and 
only when Zj — W) {j — , n) 



16 


ALGEBRAIC ARITHMETIC 


Elements of the SS in which the matrices x, y, under 
consideration lie will be called stalms The of a 

matiix is the numbei of elements it contains, in any case 
the kind of element, scdlai oi matiic, unless clear fiom the 
context must be stated This applies paiticularly to 5(5, in 
which SB = St A scalar may be legaided as a matrix of 
umt oidei 

With w as above, and t scalai, the p)odiict tz ott and 
z is {tzK, , tzn) In paiticulai, — z = — Iz = 

( — Zk, , — ^n) If It, u, z 2 iie matnces, and z = 

(ii, i, , lu), than by defimtion tz = (tii, tv, , tw) It 
the elements of z,w aie scalai s, the scalm j^ioduct of z and 
tv is the scalai 

(0 it’) = Zk tVk + 2’ft+l It'k-trl + + Kn , 

the cibsolute ptodttd \zu\ is the matiix 

\ z tv \ = {Zk IVk, Sk+l lVk+1, , Zn Wn), 

m both of which the indicated multiphcations and additions, 
if significant, are those of the 35 m which the matnces aie 
defined, if SS has neither addition noi multiplication, (ztv) 
does not exist, if multiphcation is lacking, \ziu\ does not 
exist The matiic product of z, to, less useful foi our piu- 
pose, IS noticed later The zeto matttx (C)n of ordei n in SB 
has each of its n elements = the zeio, in SB 

We shall presuppose the concept of functions m SB Biiefly, 
il X, y, , if aie in a given class © of sets, then y is called 
a umfoj m function of x, y, , t ovei © in SB, 01 simply a 
function, as we shall have no occasion to use non-unifoim 
functions, and 35, © in each instance will be plain from the 
context Theie is an extended significance of functions which 
also is useful Let 35', 35" be distinct vaiieties, and let 
9 («% }/ 1 j be a function m SB' as ]ust defined By 
means of a correspondence between 35', 35" it may happen 
that when 9 {x' , y\ , Z) is known there is a unique de- 
termmation 01 value, of ip (a:", y", * , z") m SB", and hence 
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Ip (ic", y", , z") can be regarded as a function of 

y\ , ^ 

Variables, constants and paiameters in 9S aie defined as 
usual in an obvious way^ 

9 Matric variables in fS A matiix in SS is a function 

Thus, as a paiticulai instance of an implicit function in 95 
we have {u, v, , w), wheie le, %, , lu are matiices, 

a type which is fundamental in the algebiaie arithmetic of 
multiply pei iodic functions The following also is of special 
importance m the same connection and elsewheie, notably 
in and its generalizations 

The independent scalar variables Xjy, , z of any function 
can be separated into mutually exclusive sets Vrhich ma}- 
then be noimally oideied into matiices B3" lefemng to a 
function of such matiices we do not lestiict the geneialitj 
of the function discussed, the same function can also be 
considered as a function of all the independent vaiiables 
composing the matiices, and leference to the lattei meieh 
isolates ceitain aspects of the tunction A\hich ve wish to 
investigate We shall fiequently discuss functions fiom both 
points of view simultaneously, consideiing in difieient con- 
nections the matiices or the independent vaiiables composing 
them as the '‘vaiiables” of the functions To distinguish 
these we shall call a matiix of scalai vaiiables a mat) ic 
variable, leseiving the teim variable to mean variable scalai 
The oideft of a matric variable is the numbei of vaiiables 
it contains, the definition of a value of a matiic \aiiable is 
implicit 111 what precedes The following is basic foi the 
algebra of functions of 2 matiic vaiiables, which in turn aie 
important in additive and multiplicative aiithmetic 

MATEIO FIELDS, §§ 10-12 

10 Partial D addition and multiplication Sj, Pj 

Ketuin now to § 2 and let a, b, , c, u, be the set 2j) 
of all I> matrices of ordei n in Vim, the notation being so 
chosen that the n elements of any element (= matiix) in 3 d 
are indicated by the Greek letter with suffixes 1, , oi 

2 
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coi responding to the Latin letter which denotes the matiix, 
thusa — (ai, , a«), ,^n), , the ctj, 

(^ = 1, , n) being in Um Paientheses ( ) aie used ex- 

clusively in §§ 10, 11 for elements of ^d, cm led brackets { } 
for functions m Um of precisely two elements of the 
functions considered are >6^ {«,&}, &} (y — 1, , n) 

where a,l) are any two elements of Hence Sj{x,y]f 
y) are significant if and only x,y are in 2d and 
1 <y < w, while (^ 1 , , ^n) IS significant if and only if rij 

0 — 1> are in Hot It will be observed that these 

conditions aie fulfilled in the postulates stated presently. 
The dements , tin), z^(zi, , Zn) of 2 d a'te 

s^ecfial^ and aie defined by the postulate (10 3) Any element 
(i = (di, , dn) of :5n whose fiist element di is iiregular 
m Hot is called tryegidm in ^j>, all other • elements of 
aie 'tegulm ^ u, z are called the umty, ze)o in3u 

Fory == 1, 2, , n the postulates (10 1)-(10 5; for 8j[a, h}, 

Fj{a,l)} are to be satisfied, where a, & aie any two equal 
or distmct elements of 2d 

(10 1) For each pair of elements a, 1) oi2D, in this ordei, 
&}, Pj{a, 6} aie uniquely deteimined elements of Um, 
and 

a} = Sj[a, &}, i>{&, a} == P,{a, &} 

(10 2) If a,h, c are any three elements of 2d, then 

-Sj|fe{a, i], , 8n[a, 6}), c} = 5,{cr , 8n{h, c})l, 

Pj{(Pi{a, 1}, . Pnia, 6}), = Pjja, (Pi{6, c}, , c})}, 

== Pj{(Pi{a, 6}, , P»{a, J}), {Pi{«) c}) . Pn{a, 4)} 

(10 3) If and only il a' = z Sj |a, ~ for every 

element ct~(o5i, •*,««) ot 2 d, it and only if == w is 
~ fij for eveiy element b ~ (j3i, , JS^) of 2d. 

(10 4) Whatever be the element c of 2d theie exists in 
2d a unique element c" such that 8j[c, c'*) Zj 
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(10 5) AVhatevei be tlie regulai element e of there 
exists in a unique element e'" such that Pj{ej e'”} — 

That (10 1)-(10 5) are not vacuous -vnll be proved when, 
as piesently, we exhibit seveial instances The system has 
indeed an infinity of solutions of uhich at least three, to 
be discussed shortly, are fimdamental foi algebiaic arithmetic 

The functions /^ {«,&}, 6} aie called the jth jjcatial 

mm, piodiict of a, h, the unique c" in (10 4) is called 

the txegaU%e in 2b of l, and d” in (10 5) the leciinocal in 
2b of e The set 2b, closed under jlh. partial addition, 
multiplication (j = 1, ,n) yields the following instances 

of Urn 

1 1 The B matnc field 3)n of order n in Um 
With the same notations as in § 10, wiite as defimtions 
of Sb, Pd, 

8b {a, Z»), , &)), 

PB{a, h] = (Pi{ci, h], Paja, b] , Pn{a, b\) 

The set 2 b of all D mat) ices q/ ode) n m Um is an 
instance of Um, say 2)»Um, 'in, which the sum of any txco 
equal o) distinct elements a, b of 2 b is 8d {tf, and the 
pioduct IS Pb {a, 6} The imegula) ele))i&nts, the negatne of 
any element c, the letqnocal of any element e and the z&)o, 
unity in S)nUm a)e identical lespectwely itith the nregulcn 
elements, the negative of c, die lecipiocal of e, and the zoo, 
unity in 2b 

To piove this it IS sufficient to observe that 8b, Pd aie 
instances of /9, P m § 2, when -S m § 2 is replaced by 2b 

12 The C matnc field Um of order n m Um 

Return to § 10 andiewrite all B matrices as C matiices of 
order n + 1, w ^ 0, viz , the suffixes now lun 0, 1, 2, , n, 

and change the lange of y to ; = 0,1, , n Then, for 

example, the first of the postulates m (10 2) becomes, 
(y = 0, , n), 

Sj {(Po {a, b}, ,8n {a, 6}), c} = [a, {So {h, c}, , 8n{i, c})} 

2* 
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By such obvious changes we define jth partial sums, pio- 
ducts m the set of all C matrices m Um Eeplacing D 
throughout § 11 by C we obtain the abstractly identical C 
theorem which specifies (£nUm 
Thus fai the Tin Vim, X = are the same instance 

of VLm in diffeient notations The commutative semigroups 
introduced in § 16 difierentiate the into distinct 

species, additive and multiphcative with lespect to arith- 
metic, and they veiify what follows through instances of ^th 
partial multiplication in § 10 

THE ASSOCIATED PUNCTIONAIi VARIETIES OF §§ 13—18 
13 The X associated functions of a matrix What 
immediately follows can be stated for eithei X in 'Sin Vim of 
§§ 11, 12 We shall give full definitions for 3^ “ and 
thence, as in § 12, infer the abstractly identical set foi 
36 = S The notation is as in §§ 11, 12, addition, multi- 
phcation in the instances 36» ttm of Vim are indicated by Sz, 
Px, while m 'Vim they aie S,P, the elements of 36»11 ot aie 
a, b, c, . t, u, 0 , in X notation, z(, 0 ^ being the unity, 
zero We operate simultaneously in ll,^, Sin tlm 
Let t ~ (ti, t- 2 , , Tn) be the element of ©n Um whose 

first element ^ v (the unity in 11^), and whose lemaming 
n — 1 elements Zj (; = 2, , n) aie paiameteis in Um, 

and let a ~ (oci, , ccn) be any element ^ t ot Vim Then 
the scalar product 9jj{a, f} in Um of a, t, 

gjoia, t] ~ 

IS called the D associated function (m Uth.) of the element a 
(of with the pai amet^ t 

Making the mdicated changes from D to C notation we 
define yc [d, If n is finite an instance of yz {a, in Pc 
IS a polynomial in an Mth root of unity, if n is infinite an 
instance in Pc is an infinite series in one complex variable, 
other instances in a Galois field (n finite) are evident 
The following developments are of extreme genei ality , they 
provide a basis for the construction of an unlimited number 
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of theories arithmetical in the sense already desciibed Then* 
important significance for infinite processes in 21, and hence 
in its instances 0 = c, will be pointed out in § 15 

14 The functional varieties Umi ( 3 E = G, 5 >) 

The set of dll X associated functions yx {tv, t\ of the 

elements w of 'kn Uw having the ‘parameter t is an instance 
kn,cpVim of Vim uncUi the poshdates (14 1)-(14 5), in uhich 
addition, mnUipUcation aie indicated by Px,<f 

(141) The elements of <p Hm aie identical with those 
of Xx (p 

(14 2) Two elements f}, 5 Py{^) aie equal in 3t«,7 Um, 

== when and only when « = Z; in knVim, 

and hence also when and only when coefficients of like paia- 
meteib tj aie equal 

(14 3) The zeio, unity in k,i,qVim aie 
wheie 2 , u are the zero, unity in 36,iHm 

(14 4) The uiegular elements of kn,<fVim aie the 
wheie j iiins thiough all iiregulai elements of k,i Um 
(14 5) The sum, pioduct, diffeience of any two elements 
gpv{«, ^}, 0^ 3tH,fFU,n, and the quotient ot f} 

by any legulai element 5 Px{< aie identical lespectively 
with the elements spi{s, f}, spy{Pj f}? 9\{d, t\, and tpxiq, 
wheie s, p, d aie lespectively the sum, pioduct, diffeience in 
kn Um of a, b, and q is the quotient in kn Um of a by b 
Fiom the last therefore, 

^Y,9’|sP\{«> SPy{^? ^}| = j 

-Pz,q>|sPx{«3 i]y SP\{^ ^[3 

the quotient sf’Y{Q! 3 ^} is defined by 

-fx.fpjsPYto i}, 5PY{t, Jf}| = yx{«3 A:{23 (-} = «, 

and similaily foi the diffeience on replacing P hy S and 
suppressing the lestnction that spx{c 3 f} be regular That 
kn^cpVLm IS indeed an instance of Um is evident 

15 Triple isomorphism of Um, 3 £»Um, kn,(pUm If 

(15) J{a, b, , c} = 3 
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is an tdenUty %n any one of Uie vai leties Vim, Vim, ^n, (p Vm, 
g denoting ffie mo %n that vaiiety, ‘it ts also an identity in 
each of the otheis It is implied in this statement that ii- 
legular elements do not occui as divisors 

This IS obvious, since each vaiiety is an instance ot Vim 
Moreover (15) he an identity in Um. its instance in UnVim 
can heinfeuedfom that m Tn.jplXm hy equating coefficients 
of like painmeteis Tj m the lattet, and applying to the lesiilt 
the definition of equality of matin es 

The effect of the last is to leplace opeiations upon X 
matrices by abstractly identical operations in ^,i,cpVim upon 
their lespective X associated functions Since 21 is an instance 
of Um, and = c, sue instances of 21, the theoiems apply 
in particulai to ^j(j = c, i) When n — co the instances 
111 = ^3 0 of flio theoiem aie equivalent to the state- 

ment of the necessaiy and sufficient conditions that those 
operations upon infinite senes commonly called toimal (but 
prefeiably algebiaic) shall be legitimate and hence lead to 
collect conclusions When the elements of the instance o£ 
IXm concerned aie neithei leal noi complex numbeis the theoiem 
(when n = oo) defines the use of infinite senes which have 
no numeiical significance and for which conveigence is there- 
fore without meamng The numeious algorithms to winch 
this theorem leads aie poweiful instiuments of unification 
and geneialization in algebraic arithmetic 

1 6 The associated semigroup (3x of UnVm Let 
a~{cc^, , ttn), & = (^1, , firi) be any elements of 

and t = (tj, , T„) the parameter of any element [a, 
of so that rx = the unity v in Um, m which 

addition, multiplication are mdicated by 8, P as always 
To simplify the prmting put for a moment mje = ju,, t(^) = Tj, 
«0) = i®0) = 0 = I3 ,n) 

Suppose now that the tj (j = 1, , %) form with respect 

to P a semigroup ©d Then ©i? has the unity t (1) and is 
commutative Let all pairs (*■(^), 'r(;)) of solutions in ©u of 


rtj)} = T{k) 
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for ^ constant, 1 ^ A: < w, be given by 


= {u,3s) 

(s = 1, 

/O, 

and write as the definition of Z>}, 



pi.{a, 6} z- SIPIkOO, /SOi)}, P{- 

(A = 1, , 

n). 

and fmthei define Z;} by 


(A == 1, 

a) 

Then it is easily seen that 



s ^ (Cl, , in). V r- (ai, , Vn)f = C 

(y-1^ 

n). 

i'l -- V, Vj - 1 

(^ = 2, . 

11) 

III 

.1^ 

!l 

ij = 1, 


IS a solution z, ii, Sj {a, Fj\ii, A} of the postiilateb flO 1)-(10 4) 

of § 10, and fu) the) that in uidei that these he aho n sulntiun 

of (10 5) it IS sujjiiient that 



Is <h. Js <h 

(A = 1 

n) 

When the last condition is satisfied we 

shall call 

the 


associated semigioup of S)nU»i 

By changes in notation as in § 12 we define 
17 Associated semigroups of and their re- 

lated 3£oo, fpHm When the oidei n of the matrices in '^nVim 
IS infinite we indicate this as above Of all associated semi- 
gionps of UnVim, two El 6 of the fiist importance foi algebiaic 
aiithmetic One lefers to \ ~ the other to 36 2^, 

and these lead lespeetively to additive and multiplicative 
algebraic arithmetic There is also an extiemely useful 
variant of the first, which will be defined presently 

Let a ~ («o, «a, )y 'b ^ (^o, ) be any two 

equal or distinct elements of SiooXlm Then a solution of the 
postulate system foi 8j, Fj in % is 
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(17 1) Sj{a, 6} = ,«j}, 

(17 2) Pj {a, 6} = s\p[a„ A}, P{«i, fij-i], , P{«j, /So}|, 

foi J — Oj 1, 2, , and the zeio 0 = (^, C, ), the 

unity it = (v, ) wheie, (as in § 2), w = the 

zero, unity in Um 

Let a = («!, CCS, «8i ^ (A, A, A, ) be any two 

equal 01 distinct elements of ©ooHm Then a solution of the 
postulate system for Sj, Pj in % 10 is 


(17 ^)Sj{a,J)}=S{ccj,i 3 j}, 

(17 4 :)Pj{a,l}=Si^Pj{cca^,Ald^}} , P Ald,}\ , 

fot y — 1, 2, 3, , wh&i e djc{)c — 1, ,r) are all the dimsms 

>0 ofj (mcludzng l,j), the zero, unity aie 0 — (^, ), 

H (v, r, r, ) 

That these are indeed solutions can be verified by direct 
substitution into the postulate systems. Indicate the solutions 
(17 1), (17 2) and (17 3), (17 4) by 0c, respectively 
Considei first 0c Let r he a parameter in Vim (whose 
umty is V, and in which S, P are addition, multiplication) 
AViite 

To ~v, Tj, = p{r, T, , t} (Jc= 1, 2, ), 

the r in the P product t* bemg repeated piecisely 7c times 
Then the elements Tj of t ^ {tq, Ts, ) furnish an in- 
stance (in the case of n infinite as here) of ®o ^n § 16, and 
we have now 

(17 5) P {zv, Tj} ■= 

for i, j any integers > 0 Hence, if a = (ao, «!, «2, ) 

IS any elennent of £«, Tiave 

(17 6) gpc{a, = /S'jpfaoy^o}, -?{«!, PWi,Ts}, } 

as the form of any dement of ^00, q> XU (see §§ 13-15) m 
the solution 0c Applied to (17 6) the theory in §§ 13-15 
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IS the direct generalization to tU of the algebraic theoiy of 
power series in reductions of all functions of elements 
of © 00 , qp Xtm to the foim (17 6) being made by lepeated 
application of (17 5) to all P products of parameters 
0 = 0, 1, 2, ) occuimg in the functions 

Next, consider ©d Let now the d, (j^ = 1, 2, 3, ) be 

parameters in Um, and let 

n = jpJ* pfc* (/,j >0, j = l, , s) 

be the resolution of 1 into a pioduct of poweis of distinct 
rational piimes For pj > 1 prime, and A. > 0 an integer, 
wiite 0% = {dp, dp, , dp}, the dp in the last hemg re- 
peated piecisely k times Foi n as above let 

^ P{dp^, djp*, , dp*}, di t' 

Then the elements Tj of t ^ (r^, Tg, ) giie an msiante 
(n infinite) of m § 16, and if a ~ («!, «s, “s. ) 

any element of 35oo Um, then the fmm of any element (pD {«? 4 
of S)oo, q> Uyft m the solution ©d is 

(17 7) ^D{a,t} ~ 8[p{cii,T^}, P{a2,rz}, P{ci^,T^}, 

and 1 eductions %n S)oo,(p Um ate made to the Joim (17 7) hy 
means of 

(17 8) P {rj, Tj} = Ty, 

luheie i, j ate any inteqeis ^ 1 , and ij in the last is the 
product of ^ and j (not a double suffix) Applied to §§ 13-15, 
(17 7) IS the direct geneiahzation to Um of the algebra of 
common Dinchlet senes m Pc 

Since in each of 3foo Um, E = ©, S), the order of each 
element (= matrix) is infinite, it follows that both of these 
varieties contain an infinity of inegulai elements, since any 
irregular element of 11 ^ may occupy the first k(]c = 1,2, ) 

places in a matiix Hence each of Haa, (p Vim ts an instance 
of and stmilarly therefore for eadi of 3ioo,qi Um This 
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holds wethei VLm is legulai oi u regular, and hence in pai- 
ticulai it holds m the instances 0 — c, ot VL 

i8 Varieties Vim, over The entire preceding theory 
can be generalized by taking Wm ovm SI, the postulates foi 
the italicized process being obtained by obvious slight modi- 
fications fiom the like foi an algebia over a field as in 
Dickson, Algeh as and tlwii Ai ithmetics, § 4 We shall need 
in particular the postulates for scalai multiplication (the 
elements of % being the scalais) of elements of Um with 
lespect to St, and we may assume these to have been stated 
fiom Dickson If is in Um, and g is in the instance 
of 21, the scalar pi o duct of g, Uj is written gaj 
To lUustiate the numerous possibilities we outline a specially 
useful generalization, 5Boq VXm and its associated S3oo,(p Um, 
of ©00 Vim. and its associated ©oo.qi Um, by extending the 
latter to Um, ovei 

The elements of 23oo Um are indicated by accenting 
those of ©00 Um, thus 

a' ~ (a'o , oc'i , ), ), 

and if d' ^ (do, di, ) is any element of 33oo Um, the 
dj(^ = 0, 1, ) aie in Um, the latter being Um taken 

ovei %r Specifically, iBoo Um zs that instance of ©oo Um m 
luhich dj ^ dj/j^ (j^ = 0, 1, ), wlme d' = (do, di, ) is 
any element of 23oo Um and d^ (do, di, ) is any element 
of^oo Um, ^ = (to, ti, ) IS the parameter m 93oo,(p Um and 
IS identical with the patameter t in ©oo,(p Um 

Addition, multiphcation in SBoo Um are indicated by 8b, Pb, 
and are defined as follows Let a'~icto,cci, ) , h' = (j3'q , /di , ) 

be any elements of 23oo Um Then sum, 8 b {a', h'} is the 
element s' of S3oo Um , whei e, f or^ = 0, 1 , , s = (o-q , <ri , ) , 

\hQvc product PB{a',V} is the 
element p' of iBoo Um, where for j — 0, 1, , 

p' ~ (tto, 7ri, ), n'j = ncjlf , 
nj ^ 0) P{ccj,fiQ], (j, 1) /?i}, , P{ao, , 
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in which 0^ — 1, and (j, j) = coefficient of a? in (1 + a?)'' 

With these definitions it is easily seen that SS«> Vim and 
^00, qo XXm aie an instance of (£« Xtm, (£c«,(p Vim, where Xt^ is 
Xlm taken ovei When Vm is leplaced by its instance 
the instance ©oo,(f of the above is identical with the powei- 
fiil symbolic oi umbial calculus invented by Blissaid and 
Lucas, which is indispensable in the algebiaic analysis ot 
sequences of numbeis oi functions 

THE IRREGULAR FIELDS 33, S, 3 ASSOCIATED WITH 31, §§ 19-23 

1 9 Instances of the foregoing theory for Ui When 

m = 1, Urn = and theie is but the single iiiegiilai element 0 
The unity is 1 (see § 1), and 8 P me nov in a moie taniiliai 
foim, /S'|aj,/94 = P{ccj,fij) = ctj vheie dj 

aie any elements of 31 We shall wiite 

(19) ^ ^ (D -- 93, e. 2)). 

so that ^ IS the instance when w? = 1 ot XI »i and 
similarly foi 2)00,71 21 Addition, multiplication in ^ aie 
indicated as befoie, Sy, Py As the three uiegiilai fields 
(19) aie of paiticulai impoitance 111 algebiaic aiithmetic it 
will be convenient to have shoit summaiies of them in the 
simplified forms consequent upon taking m == 1 in Ui These 
aie wiitten down immediately from the coiiespoiiding geneial 
developments (m aibitraiy) in §§ 11, 12 (wnth 71 = co theiein) 
17, 18 and § 15 Elements of 21 aie denoted bj Vj 

and the t, tj aie paiameteis in 21 

20 The irregular field e The elements of G aie 

a = (ao, = ),c = iyo^n, )^ , the 

parameter t = (To, ci, ) = (1, t, t®, ), the zeio, unitj 
in aie 0 = (0, 0, 0, ), = (1, 0, 0, ), addition, 

multiplication aie defined by 6} = s, Pc{a, &} = p, 

where s = (^oj ^1, )f P = )? 

<0 = A + 1 

(J = 0, 1, ), 
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the associated function SPc{“> ^ ® paiameter t) 

IS SPcr{a? 

(20 1) I (aj, 2/, , v) = 0 

IS an identity in elements ce, y, , w o± SI then, pi ovided no 
divisor he inegulai, (20 1) is an identity when x, y, , v 
are interpieted as elements of and the ^ form of (20 1) 
can be inferred from the SI foim from the abstiactly identical 
1 elation 

120 2) I{fpc{x, f}, 5Pc{2/, f}, , 9 c{v, ^}) = 9c {z, t] 

in ©w,<|)21 by equating to 0 the coefficients of == 0, 1, ) 

Associated functions in may be called poioer series (they 
are such m the usual sense only when SI is replaced by its 
instances ^c, i?»-) 

21 The irregular field 2) The elements of ® are 

a = (cti, «s, ), h ^ (fix, ), c (rt, ^ 2 , ), , 

the paiametei t = (vi, Tg, ) where 

rn = 9*;, ^ 9. = 1 

the n, = 1} . «) being as in § 17, and the 0g, wheie 

g: urns through all primes ^ 1, being independent paiameteis 
in SI The zeio, unity m 2) are 2 - = (0, 0, ), = (1, 0, 0, ) , 

addition, multiplication in 2) are defined by xSx>{a, &} ezz s, 
Pu{a, &} = p, where s ~ (o^, og, ), p ^ (ttj, ), 

and (fj ~ TVj = '^ay (?5 r, s > 1) {j — 1, 2, ), 

(the sum in the last refeis to aU pairs {r s) of conjugate 
dmsors r, s otj), the associated function ynja, <} 
and — Tm.n for m, n any integeis>0 In precisely 
the same way as in ^ with respect to (201), (20 2), we 
have an abstractly identical conclusion in 2) on equatmg 
coefficients of Tn{n = 1,2, ) 

22 The irregular field SB It will be sufficient to state 
the algorithm of SB, which follows from §§ 18, 20, in relation 
to the associated functions 9B{a,t}, a = (ccq, ), 

9B{ayt} 
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Raise suffixes of elements of St thus symbolic 

exponents, as in being loweied after completion of 
operations m SB Then, for ? = 0, 1, ,y, we -write 

(«+/*)” ^ 20>0 ^ ^j-7 A > 

where (j, 0 is as in § 18, and sjmbolically 
SPb{o, t} e“^ ^ exp «T 
Precisely as in it follows that 

exp ar exp fir — exp 

the indicated multiplication on the left being in SBoo.^St If 
in this h = a, one of the equal jS, « is leplaced bv 

a symbol (umbra) diffeient from « say /3 until aftei the 
completion of all reductions in SBoo.q-St Addition in the last 
being defined by 

expar+exp/^r - exp^'r, y, {j = Q 1, ) 

we again have in ^ a conclusion abstiactly identical with 
that in (£ legaiding (20 1), (20 2) In SB the associated 
functions yj 3 {«, t\ e_: exp ar have algebiaic piopeities ab- 
stiactly identical with those of the exponential function 
m g'c? and hence the deiivation of lelations in SB is reduced 
to the ti ansfoimation of identities between exponentials in 
f^£,(or in 21) Associated functions in 93 may be called ex- 
ponential sei les, and in an ob-nous way we define, by means 
of sums and diffeiences, etc, of such functions, the utculnt 
functions m 21 

23 Differenta-tion and integration in G An identity 
in K may be tiansformed in an infinity of ways by G ope- 
rations to produce new identities in (£ For example, fiom 
a = & in © we infei P{g, c} = P{&, c) As we shall see 
later, in discussing even the most timal E identities 
yield interesting and by no means obvious lelations between 
functions of divisors An unhmited number of such relations 
flow from the opeiations 9 (differentiation) and 9"“^ (inte- 
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^ration) in E, whicli are defined as follows Take SI over 
getting St', E' (see § 18), 

a ^ (ocq, «!, ), a' (ao, «1, ), a" = (ofo', ai', ) 

in which, the «j, a'J are defined by 

= (j> + l)«/+i (^ = 0, 1, ), ao' = 0, cc'J = 

(; = 1 , 2 , ) 

Then we shall write S-** aie operatois) 

a' ^ da, a" — a~^a, d^a = a, d ~ d\ 
d’^a ~ a(9»-i£t), d-^a ~ d-^(d-*’+^a) 

(r = 0, 1, ), 

and therefore 

d*‘(d-*‘a) = d-^(d^a) = a 


Hence, jt x, y are in E (or E'), and if for the moment we 
indicate E operations by the same notations x-\-y, xy, etc, 
as those for the abstiactly identical operations in St, we have 

9(^ + y) == dx-^dy, d(xy) = xdy-\-ydx, 
d{xly) — {ydx—xdy)ly^, dx'>^ = nx^^-^dx, 

and d(cx) = cdx, wheie c is scalar, precisely as m the 
calculus in It is unnecessary to verify these as they 
are implied by § 20 As a frequently useful consequence, 
(20 2) may be diffeientiated oi integiated with lespect to t 
as if It were an analytic relation between conveigent power 
senes capable of termwise differentiation and integration 

THE PAKTITIONS OF A MATRIX §§ 24-26 
a4 Copnme matrices, conjoints Foi immediate use 
in Sp, discussed m the next chapter, we continue with certain 
properties of matrices as defined in §§ 8-9 The elements 
(matrices) of a set of matnc variables having no variable 
(scalar) m common are said to be coprtme If arq^ co- 
pnme matnc variables, and c is a scalar, c?, cq are copnme 
From the n independent variables ic, of ^ = (rci, , 
can be constructed precisely 2" — 1 malric vanables of orders 
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< n (since by §§ 8-9 it is presupposed that all matrices 
aie noimal) Let {j = 1) be these matiie 

vaiiables, and let the c, Cj denote scalar constants ^ 0, 
also let 1 be coprime elements ot the set 

h 0 — ^} ) ^ ail of whose elements together are 

the set cic^ ~ 1, , n) of the elements of f Then ^ is 

called the conjoint of and we write 

^ = ^a + #|!j+ +iy 

The conjoint ^ of c^ia, , Cy§y is 

^ -\-Cy^y, 

which IS defined by the pi eceding since the c^£^{d = a, fi, , y) 
are a coprime set Non-coprime matiiees cannot be conjoined 
Conjunction, which in replaces the usual addition of matrices 
in % IS analogous to logical addition, it is commutative and 
associative 

The conjoint of — is — v When 
convenient conjoints are enclosed in parentheses, 

n — — + ^ ’ 

and evidently such expiessions obey laws abstiactly identical 
with those for the like in 21 Thus, foi example, e 
being copiime, we have 

— ^ — d) = — 

The zeio conjoint (0) (coiiesponding to the null class) is 
the matnx having no elements, (0) =|= (0)n The mati icjnochict 
of any number of matiic variables is the matric variable whose 
elements aie all the vanables common to all the factors, 
the matnc sum is the matric variable consisting of all the 
variables (each taken once only) in all the factors These 
definitions are included only for completeness, they aie not 
required in but are useful in the theoiy of aiithmetical 
structure (wluch will be briefly sketched m the concluding 
chapter) 
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35 Residues in a module Let ce* (2 == 1, 2, ) be 

elements of a module Then, 0 being in 9K, cc ^ — 

= 0 = Oa* — atO foi each in 9J1, and any element 
« ^ 0 of IS of the form 

cc =: Tia Wa “h j 

where the Ic'b are rational mtegeis =|= 0 and the a’s are distinct 
Replace each kj by its least positive lesidue modm, call 
the resultmg element of 3!K the positive residue of a mod 2 ; 2 , 
and write 

« = maCia-\~'mb 0 ^b-\r +Wc«c modm 

Each element of 3J1 has precisely one positive lesidue mod m 
The set 3Ji»i of all positive lesidues mod m of elements of SQl 
IS a module, say SDlm The sum {diffeience) of any two 
elements of Wlm is the positive residue mod m of the algebiaic 
sum (difference) of the given elements The last defines 
in which each element a is of the form 'iaCta~\-'^bfXb-\- 
where ««, , «c aie 5 distinct elements of SUi, and each 

of Ta, rt, , 9 c is a definite one of 1 , 2, , m — 1 Hence 

if 911 has the finite basis [«i, , a,i], 911 contains piecisely 

— 1 elements 4 ^ 0 

Let each ej (^ = 1, 2, , %) be a definite one of 1, — 1 

Then, of the 2 ® distinct elements of the foim 

eala0^a + SblbOtb-h +ec»c«c 

of 911, where the e’s take all their possible values, piecisely 
one, namely a, given by = == = 1 is m 91lMi 

The remaimng 2 ® — 1 elements of this form aie called the 
conjugates in 911 of a Any element of 93^^ is the positive 
residue of each of its conjugates in 911 The element 
+ + «» of 911 to whose basis is [«!, ««] is 

called the tiace of 911»i 

When 9 w — 2, the ease applicable to each element 
« :j= 0 of 911a IS of the form aa+oe 6 + + «c? wheie the 
a’s are distmct, and the conjugates of a in 911 are 

Coaa+e&aft-l- -{-CcCCc (Oj == ±1, ^ — a, J?f , (?) 
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As w = 2 IS tlie only instance ■which will be applied in 
detail we confine the following remaiks on paititions to it 

26 Partitions in aUg Let fijij = 1, , n) be n copiime 

inatiic variables Then [/ui, ^3, , is the basis of an instance 

5Ili2 of SR2, whose tiace fi is the conjoint +it<n, 

the conjugates of [ju are the i^(«i+e2/«2+ + er fin = ±1 

j — , n), with the exception of ft itself Except in the 

case (tiivial in applications) = 1, = a scalai vaiiable, fj. can 

be separated into a set of conjomts in more than one vay, call 
any such set a pw Ution of fi, and let me = fia-\- + + fic 

be any partition of ft 

All the TV aie obtained by distiibutmg all the elements 
of ft' in all possible wajs into copiime sets, forming fiom 
these sets (noimal) matiices, and taking the conjoint of each 
resulting set of copiime niatiic vaiiables If the oidei 
ot ftj 111 ft^ IS Wj {j = \, ,n), fi IS of 01 del 

ft) = ct)i+ 4- and the total numbei of paititions n is 
the number IT (ft)) of distiibutions of co different things into 
non-overlapping paicels — a well knovn function in coinbinatoij 
analysis foi which theie is no concise 01 usable expiession 
This lack is unfoitunate, as we shall see, is in a piecise 

way an index of the geneialitj of the geneial aiithmetical 
theorems implicit in an identity between elliptic and theta 
functions involving piecisely <» independent vaiiables 

The set of all paititions n togethei with then conjugates 
are fundamental in the apphcations of pei iodic functions to 
algebraic aiithmetic, and these applications aie themselves 
instances of the algebia ^ consideied next They also appeal 
as basic in the applications of 35, particulaily to the Beinoiillian 
numbers and functions and then generalizations to alhed 
functions of n complex vaiiables, but we shall not have 
space to go into these in detail 
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ABSOLUTE AND BELATTVE PARITY, §§ 1-6 
I Origin of 5p Functions admitting expansions into 
sums of powers of linear h.omogPiieous functions of their 
arguments, also ceitain othei types (in a technical sense) of 
functions to be noticed in the next chapter, give rise in their 
applications to algebraic arithmetic to the inteiestmg algebia 
^ of parity Conversely, foi the full and efficient develop- 
ment of the algebiaic aiithmetic implicit in the analytic 
theoiy of such functions, foi example the elbptic and the 
theta of n>l aiguments, ^ is essential We shall therefore 
considei it in some detail By itself ^ is an inteiestmg 
example of the abstract identity of the simultaneous solutions 
of seveial overlapping systems of postulates 
In the following piesentation of the main outlines of Sp the 
reasoning is necessaiily of a somewhat abstiact character, as 
the 5p theorems relate to functions which are entirely arbitrary 
except in two respects each function has paiity, as defined 
presently, and each takes a single definite value foi each 
set of mtegral values of all its arguments Hence in par- 
ticular all assumptions on the final functions as to con- 
tmmty, differentiability, or expansibility into senes of any 
type whatever — in fact all the customary machmeiy of 
analysis except uniformity with respect to integial argu- 
ments — must be avoided in the proofs The point con- 
cermng assumptions as to expansibility, particularly into 
trigonometric senes, is to be specially noticed, as it is by 
such excluded means that an exceedingly simple and equally 
fallacious method of “proving” certain of the principal theo- 
rems m their unrestricted forms is at once suggested This 
very absence of restrictions upon the functions in is the 
34 
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essential and sometimes rather elusive ciux in the proofs of 
those theorems conceimng the functions which are most fie- 
quently used in subsequent apphcations to algebraic arith- 
metic 

As the theorems of ^ aie ultimately finite identities be- 
tween matiic vaiiables whose elements are rational integers, 
we shall avoid so far as is feasible without undue elabo- 
ration all reference to infinite processes, although certain of 
the basic lemmas for specific applications, for example those 
connecting ^ with elliptic functions, can be obtained by 
such means The final arithmetic being algebiaic and not 
analytic, it is fitting that a minimum of analysis be em- 
ployed in obtaining the fundamental theorems In the last 
step connecting ^ with the algebraic arithmetic of the 
common periodic functions it is sufficient (but not necessaiy) 
to assume only the power senes for the sme and cosine The 
complete abstract stiuctuie and instances, is a novel 
example of the application of algebia to analysis with 
the object of obtaining applications of analysis to aiith- 
metic, the algebia in turn can be replaced by elementaiy 
identities in lational arithmetic, so that in the end v\e have 
applications of rational arithmetic to analysis instead of the 
more usual reverse 

In following the development of with a view to possible 
generalizations, some may be mteiested in observing that 
the elemental, generative fact underlying the entire theoiy 
of paiity in all of its ramifications — ^which are many — is the 
protean one that any rational integer when divided by 2 yields 
one or other of the positive lemainders 0, 1 Hence, since 
the theory of eUiptic functions is contamed as an instance 
in some of the simpler identities in aU of which can be 
proved independently by elementary arithmetic, it follows 
that double periodicity, etc , can be traced to the same simple 
source There is a generalization of to moduli w> 2, and 
the like applies to 33 of the preceding chapter, in which the 
units of any algebraic number field replace the units ±1 of 
rational arithmetic in the case w>2, and there is a further 
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generalization with respect to any algebraic number field 
The analytic functions to which the last extension could be 
applied with profit to aiithmetic have yet to be investigated 
for 5|5, they can be easily constructed in the form appiopriate 
for SB Hecke’s theta foimula is an instance of the type of 
theoiem which can be applied to an extended Sp A gieat 
desideratum for Sp is a practicable foim of the tiigonometiic 
senes foi the w-fold peiiodic functions, w>2 The discussion 
by Appell {Ada Mathevnaticaj vol 13, pp 1-174), forw = 4, 
analytically complete, abandons the pioblem precisely where 
its utility for anthmetic begms 

2 Absolute and relative parity The definitions alieady 
stated foi matiices, their functions and partitions, aie pre- 
supposed We shall develop Sp with lespect to 21 Hence 
all matiic vaiiables aie in 2t 

Faulty is the eveness oi oddness of a function with lespect 
to its matrie vaiiables 

A function whose value lemains unchanged when the matric 
vaiiable s of order n is leplaced by — g is said to be of 
even absolute imnty n tn if the value of the function 
changes sign when z is replaced by — z, the function is of 
oM absolute ity n in z The even, odd absolute panties 
]ust defined aie wntten ^(«|0), jp(0|w) lespectively, and the 
absolute parity of a constant with respect to z is 'p (0 1 0) 
The absolute parity of a function is the same as that of any 
of its constant scalar multiples 
An arbitiary function f{z) of z has in general no parity 
Such a function however may be wiitten as the sum of two 
functions of the respective panties p(? 2 10), x^{0\n), where 
n is the order of z, 

2/(^) = [/C^)+/(-^^)] + [/(^)— /(— ^)], 

since / {z) dtf ( — z) are of these respective panties, precisely 
as m the common instance of this f or n = 1 
Let j = , s) be r-\-s copiime 

matnc vanables of the respective orders Oi, hj Then a 
function / whose even absolute parity in is p{at\ 0) 
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(a = 1, r) , and -wliose odd absolute paiity in p.j is (0 j h]) 
(y = Ij } ^) IS defined to have the alysolute 'pmity 

(2 1) p(ciif , > &s) 

When necessary to lefei to the matiic variables fij, and 
not meiely to their orders Ot, l)j, we shall say that / has 
the 0 elative pm ity 
(2 2) 

An absolute paiity is a function of positive mtegeis, a rela- 
tive parity is a function of matric vaiiables If the odd 
obsolute polities are lacking, (2 1), (2 2) will be wiitten 

(2 3) jp(rti, , ar|0), p{lx, , 

similaily, if the even absolute panties aie absent we viite 

(2 4) i?(0|&i, , 6ff), p(|/^i, , Pa) 

Unless otherwise evident from the context p is used exclu- 
sively to indicate paiity 

Any function / of the matnc variables )i, yj having the 
parity (2 1) or (2 2) will be written 

(2 5) /(Ai, ,A, 1^1, j yg), 

coriesponding to (2 3) we write in the same way 

(2 6) (7(^1, ,^-1), 
and to (2 4), 

(2 7) hQyi, , ya) 

In the symbols (2 l)-(2 7) the arrangement of the a*, hj, A^, yj 
IS immateiial provided only that no letter passes the bar 
If in (2 1) precisely a of the a, (^ = 1, , r) each = Oi, 

and precisely /S of the ij (j — 1, , s) each = bx, we 

replace all these equal aj or bj by aj, b^ m (21) and, pro- 
ceeding thus, define 
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peaks'® , f), 

in which a, &, , c are all distinct and likewise f oi 7 , 5, , f 

In no symbol of a relative parity or of a function having 
paiity such as (2 2)-(2 7) can any matric vaiiable appear 
twice, since the Aj, fjuj were taken coprime in the initial de- 
finition 

To avoid a possible confusion we recall that copnmality 
of matrices was defined for matric vaiiables, not for then 
values Thus, for example, if a;, y, z, w are independent vaii- 
dbles, the matnc variables {x, y\ (p, w) are copiime, although 
they may have an infinity of equal values (a*, A) (« = 2, ) 

A proposition concerning either variables 01 matiic vaiiables 
implies mstances concerning values, but not conversely unless 
the instances refer to the set of all possible values The 
latter possibility will be discussed in connection with the 
theory of division of panties 

In the matnc variables K, fjtj the functions /, g, li in 
(2 5')-(2 7) have by definition the absolute panties 

(2 8) ((r I P)), p ((r I 0)), i; ((0 I P)), 

the double (( )) being used to distinguish these fi om the ab- 
solute panties 

(2 9) i?(r|n J?(1"|0), iHO|lO 

obtained from (2 1) when respectively 

^ — " 1} — Ij Oa — 1, 'bj • — 0, — 0, bj = 1, 

(2. = 1, , r, 7 = 1, , s) 

It is sometimes convenient to include r = 0 01 5 = 0 in 
pCl*’!!®) We assign by convention the following meanings, 
p (1® 1 1^) = p (0 j 1«), p (!»• 1 1®) = _p (!»• I 0) Similarly for (2 8) 
Thus (2 9) is the special case of (2 8) in which the It, fij 
(4=1, jT, j = 1, j s) are all of order 1, and p{V\ 1*) 
IS the absolute parity of a function of precisely r -f s in- 
dependent vanables, even in each of r of them and odd in 
the rest, j>(l*‘iO) is the absolute panty of a function of 
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precisely r independent variables, even in each, ^>(0] 1«) is 
the absolute parity of a function of precisely s independent 
variables, odd in each Again, | 0) is the absolute paiity 
of a function of precisely r independent vaiiables, even in 
all r simultaneously, and similarly for (0 ! s) and an 5-fold 
odd function, in the matric variables these ha\e the le- 
spective absolute panties j?((l | 0)), p((0 { 1)). 

An extension of these concepts is impoitant shortly Let 
Xtj iMj in (2 5) be partitioned into di, hj matric variables 
(^ = 1} , f , j = 1, , s) Then the absolute panties ot 

yj 9i (2 m the flsi -|- -1“ -j- &i H" -f- matiic 

variables occuimg in the partitions will be indicated thus, 

J5((ai, , 0^1 hi, , &0), 

p ((ui, , dr 1 0)), p ((0 I 6i, , hs)) 

This merely defines the symbols (2 10), then significance vill 
appear as we proceed When dt = az (a = 1, , ; , 

j == 1, , s), (2 10) becomes identical with (2 1) and its 
subcases As an example of (2 10), let A, p, v be copiime 
matiic variables of the respective oi ders I, m, n Then p ((2 ; 1)) 
IS the absolute parity of /(A-J-^jv) in /n, v, while in the 
vaiiables (= scalar elements of A, p, v) the absolute paiity 
IS m\n) 

3 Absolute parity of a relative parity As before 
let At, fij be copnme matric vanables of the respective orders 
ch, Jjj and let the tu, Vj be constant scalars Then by § 2, 

fO^U 1 A,- j Pt, , Ps), y(%A^, , Ur^rl Vifii, , Isps) 

have the same absolute panty stated in (2 1) , in the matric 
variables they have the same absolute panty p ((1* | 1®)) 
Considering the relative panty 

p (Mi Ai, , Itr Ar 1 Vi Pi, , Vs Ps) 

of the second as a function of the matiic vanables we assign 
to it the absolute panty p ((1’’ 1 1*)) This accords with § 2 
In particular then, for * — 1, , r, j = 1, , 5, 
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p(Pl, , — }f^s) — }^t} >^r\Pi. }P's)t 

pOi, ,K\Pi, , — Pjt jM's) — — Pi^h j/^s) 

4 Order, degree of a function having parity. 
These are fundamental in ^ and in its applications, particularly 
to the elliptic and theta functions Refen ing to (2 5) we 
wiite now 

do = 7 , dj " s, d = do -f- di , 

and call these the even deqy ee, the odd degree, and the degi ee 
respectively of /, we also define 

r s 

“o ^ ^ai, " = Wfl+Wi 

*=i 

to he the even oidey, the odd oidei, and the ordey lespectively 
of / Similarly, with obvious modifications foi g, h in (2 6), 
(2 7), foi example, the even older of h is zeio 

5 Statement of two theorems The import of the 
preceding definitions will he plain from two theoiems in 
which im 11 later be obtained as very special eases of a general 
theorem which it is the object of the algebras X, 3fl<p, in- 
troduced in a moment, to deiive and i educe to a simple 
algonthm The following will be recognized as further ex- 
tensions of the famihai theorem which expresses a function 
of one vaiiable as the sum of an even and an odd function — 
which we have already extended m one direction to 
vaiiables 

(5 1) An ay htty ary fimction of « independent variables is 
the sum of 2® functions having absolute panties of the foi ms 
p(l“ 1 1*'), where a-\-b = m, and the complete statement of this 
which gives the number of functions of the fixed parity p{l^\l^), 
a, b constant, in the sum, is abstiactly identical with DeMoivre's 
theorem in 

This follows from another for which we shall have more 
frequent use 

(5 2) Any Junction hamng fhe absolute pantyp{ax, ,ar\bi, ,&«), 
of ord& 03 and degree d, is the sum of 2“”*^ properly cdiosen 
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functions whose absolute panties aie all of the type p(l^\l^), 
wheie a-{-b = w, and the complete statement of this uhich 
gives the sum is abstractly identical with the foimulas m 
for the decomposition of a product of r cosines and s sines 
into a sum, and the addition theorems for oo arguments of 
the sine 07 cosine according as s is odd or even 

Tlie generalization of (5 2) refeis to functions having the 
absolute parity p((cti, , «/ 1 &i, , bs)) and becomes identical 

with (5 2) when a[ — Ott bj = bj {i = I, , > , ^ i 
By considering the set of all paititions of the trace 

and applying the generahzed (5 2) to f{v\), f(\v), we shall 
latei obtain all the geneial arithmetical toimulas (m^ohing 
functions aibitraiy beyond then panties) implicit in any 
identity between elliptic and theta functions, oi eithei alone 
in which precisely independent vaiiables aie involved, 
where co is the ordei of v Thus the consequences of what 
IS next developed aie fai reaching Coriesponding to the 
generalization of (5 2) theie is an immediate extension of 
(5 1) to entirely arbitraiy functions expiessed as sums of 
functions having panties ^>((1“ 1 1^)), but as this is less useful 
than the others we shall omit it 

6 The semigroup of coprime relative panties The 
membeis of a set of lelative panties having no matric vaiiable 
in common aie called coprime, a matiic vaiiable and its 
constant scalar multiples aie not distinguished in this definition 
Thus p{X\), pi\ — X) are not copnme Multiphcation for non- 
copiime panties is not defined 
Let f g, h be functions arbitraiy beyond the lespective 
relative panties implied by their notations, 

f = fiXx, ,X,\px, g = g(Qi, , 0 * 10 , 

h = h(Xx, , X, , ^1, , j t^Sf Oi, , oVi), 

wheie Xx, , X,, px, , pa, Qxy , Qt) ♦ , o'u nre 

r + s + ^ + w copnme matne vanables. Then obviously h 
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and fg have the same absolute parity The ^3? oduot of the 
relative igatities of f g is now defined to he the relative 
parity of h Indicating this multiplication hy juxtaposition 
we write 

p ,^ 7 ] Pi, , p (^ 1 , , ki j ^u) 

— P(^ij j f Qu } j Pjs, ^1) , <^n), 

valid for any t -{•s-{-t-\-u coprime matric variables h,H'm,Qz, <^j 
The arrangement ot the matric variables within a symbol p 
bemg immateiial provided only that the bar be not crossed, 
it follows that multiplication of relative panties is associatiue 
and commutative This multiplication has neither unity noi 
inverse It is cleai however that with lespect to multiplication 
the set of all copnme nelative parities f 01 med from a given 
set of matric vai tables is a semigr oup 

The notation being as above we have the following im- 
portant special cases, 

r s 

I ) = ^ 1). Hi’ (i ft) = i* (i ft. , 

»=i 

r s 

UpM Up 

1=1 J=1 

In the less obvious theory of addition ot lelative panties 
constructed next, the following lemarks will be fiequently 
assumed further notice Let p = Pa + ps + + pc, 

be any partition of the matric variable p, and let 
Pe = eaPa + e&p& 4- + CcPc, Where each ej (j = a, b, , c) 

IS a definite one of 1, — 1, be any conjugate of this paitition 
Then /(p1), /(pJ) have the same absolute paiity p{m\0), 
where m is the order of p, and similarly for /(|p), /(| Pe) 
and p(0 I w) When p is replaced by — p, pe becomes — Pe, 
and hence the true equations 

f ( fiaPa — — €cPc 1) == fipal^a + “h ficPc 1), 

y*(} Sat*a — — ecPc) == — f^GaM'a~\~ 4~ecPc) 

are imphed by the single change of p into — p Again, 
illustratmg for the simple case p = p<t-j-p6, we see that 
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f l)> / (Pa, fib I) — f{\ fJ>a, fi b) 

have the same relative paiity pin |) For, if fi be changed 
to — P, f(p |) IS unchanged in value, and under this change 
the difference becomes 

/( pa, (“6 I) /(I — Pa, — Pb), = fipa, Pb\) f( Pa, fib) 

Similarly foi 

/ (i p\ fipa I Ph) +/(i“& ! Pa), 
which have the same lelative paiity p(\p), since 

f{—Pa\ Ph)-^f{—ph'^—pa) = —f{Pa\p})—f{Pb Pa) 

As another illusti a tion, let X = K + — ^c, vheie /«, )e 

are coprime matiic variables Then /(j and 

jfx(Xb, Xc \ Xa) -\-f2{Xc, ^a I Xb) /^(Xu, I Ki, K)^ 

where /, jGO = Ij ? 4-) are aibitiary beyond then indi- 
cated panties, have the same paiity p{\X) 

ABSTEAOT IDENTITY OP ^ WITH THE ALGEBRA S 
OF THE CIRCULAR FUNCTIONS, §§ 7-9 
7 The functions g>j(j = 0,1) Let u, v, lu, i\ (2 = 1,2, ; 

be elements of a module 2)1 in % and let % {u) [j = 0,1) be 
functions forming a ring 91<p as u luns thiough all elements 
of 931 Then, the indicated additions, multiplications, sub- 
tractions being operations of 91q), 

SPo =b Ti {v), SPo (^t) ± SPo {v)j SPi (u) zb 9>i {v), 

9q (m) 5 Pi {v)j yo {u) yo iv), yi {u) yi (? ) 

aiein31g, The additions, subti actions m yj(zbw), % (wrbv) 
(j = 0,1) being now in 3D1, these y^ are in Slqp On the set 
of all 9 j we henceforth impose the postulates 

( 11 ) 9J(—^t) = (—'^y9Jiu) (^ = 0 , 1 ) 

(7 2) yi_j iu-\-v) = 9i-j iu) 9 o(v)-{- i—iy yji^Oniv) 0 = 0,1) 
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From these follow, foi ^ = 0,1 m each instance, 

( 7 3) spi-j (li—v) = gpi-j {u) — {u) 5Pi {v ) , 

and therefore by (7.2) 

(7 4) 2 gpi_j (w) SPo (*^) = ^i-An + v) + 9i-j (« — • 

(7 5) 2 (— 1 V goj (if) SPi (0 = n-j(u + v) — gii-j(u—v) 

In the instance f^c of H tee define X to he that j}art of 
bigonometty ulucli, when spo(«)> 9*i(^0 cire yefilaced hy cos v, 
si7i It 7 cspectively, is implied hy (7 1), (7 2) alone When % 
IS ahstuuti as always unless otherwise specified, the set of 
all pyopositions implied hy (7 1), (7 2) will he designed hy ^ft(p 
8 The ^ isomorph of 31^, We now solve (7 l)-(7 5) 
in terms of lelative panty Eeplace ii, t, ih, viii = 1, 2, ) 

hy a set X, y, A*, {i = i, 2, ) of copnme matric variables 

AVe lecall that multiplication of relative panties was defined 
in § 6 Let v be an aibitiaiy matiic yaiiable Then 

1) SPo(>') ^ p{v 1), spi(v) ^ p{\v) 

is a solution in this instance of (7 1) Undei the substitutions 

(81) we get fiom (7 2) 

(82) + = pQ-\) — 2>(|^) 

(83) J)(!^ + P) =i)(l^)i)G»|)+p(i|)i>G^l), 

or, what is the same by § 6, 

(821) JpC^ + A^l) = i>(^/‘l)— l)(l^,/«), 

(831) pC^ + p) =J>0»1A) +ja(A|/«), 

which as yet are without significance If a consistent inter- 
pietation can be assigned to (8 21), (8 31), we shall call 
(8 1) a isomorph of SRg, 

The inteipretation to which we shall adhere is as follows 
For (8 21) an arbitrary fiX-\-y\) has the same relative parity 
jo(A + /f|) as th£ difference /i (A, /^ }) — /a (| A, ^), where fi,f^ 
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me aiUtimy heyond the indicated lelatne imuties x){X, y,') 
Jp{\h stmilaily, mutatis mutandis, fo) (8 31) Fuithei 

ive shall ivrite these inteix^ietntions m the symbolic foims 

(8 22) /(; + ^ 1 ) = fil, y !)-/(! A, /O, 

(8 32) /(I A + ^) = /(; I ^0 j ;), 

obtained by leplacingj^j ty/ Similarly, fiom (7 4) we TMite 
down (omitting the intermediate foims) 

(8 41) 2/(A y I) = /(; + ^ I) +/(; - y ) 

(8 42) 2y(A!/0 =^{)J^y)-f{:)-y) 

and fiom (7 5), 

(8 51) —2f(),y) =/(A + ,«|)_y^;_^ ), 

tvhose inteipi etations me inieise to those of (8 22) (8 32) ni 
the folio a in g sense Note fiist that on the left of (8 22) 
(8 32) each function is of degiee 1 (since )-\-y is a single 
matiic vaiiable in each case thus /(2. + /u|) has the absolute 
parity x}{n\0), wheie n — the sum of the oideis ot y) 
while on the light each / is of degiee 2, in (8 41)-(8 51^ 
the exact leveise obtains It will be sufhcient no-VN to in- 
teipret any one of (8 41)-r8 51), say the first The constant 
multiplier 2 does not affect the paiity of /*(/ y ') The intei- 
pretafion of (8 41) is that f{), y 1) (o> 2JiJ,y !)) has the same 
i elaiive pen ity p if, y |) as the sum f -f y |) +/ (^ — y ), 
uheie f,fx aie aibitiaiy Note that in the mtei pi efntions 
of (8 22)-(8 32) the fs on the light typify dijfei ent functions 
having the indicated pai ities, lohile m (8 41)-(8 51) they i pfei 
to the same function 

To illustrate one of the impoitant identical transfoimations 
discussed generally in a moment, apply (8 41), (8 51) to the 
light of (8 22) Then 
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whicli in addition to checking the foimal accuiacy of the 
algebra gives us the followmg an arbitiaiy function 
havmg the absolute parity + where ?, m are the 

respective orders of f*, is the sum of two functions of the 
respective absolute panties p iO\l, m) This is 

the immediate consequence of applying to the processes 
yielding the above algebiaic identity the appropriate inter- 
pretation as defined After this detailed example there will 
be no diflculty in following the abstiact discussion of the 
geneial case. 

9 Abstract identity of S, ?}3 Let R be any relation 
in SRg, of § 7 which is implied by (7 1), (7 2;, and let R 
become T in the instance % of Suppose that intei- 

pietations can be assigned to the elements of St, giving an 
instance such that f7 1), (7 2) are consistent m the 
instances W, IfiJ) of furnished by St', and let R 

when inteipieted m Stqj be R' Then R' is implied by either 
of Ef T. and hence all the tiue piopositions in SHqj can 
be wiitten down fiom those in % 

We define to he the set of all propositions implied by 
(8 l)-(8 51), 0 } U'hat is the same by (8 21)-C8 51), together 
iLitli their intmpr stations as given m § 8 

As is well known, X is sufficient in fjc foi the deduction 
of DeMoivre’s theorem for a positive integial exponent, the 
expansion formulas expiessmg the sine or cosine of the sum 
of n arguments as a sum of products of sines and cosines 
of single arguments, and the decomposition of such pi o duets 
into sums or diffeiences of smes or cosines of linear homo- 
geneous functions of the arguments It is precisely the ab- 
stractly identical equivalents m of these X foimulas that 
are important foi applications We shall write them down 
for directly from X by means of § 8 and the abstiact 
identity noted above and then, by an application of infer 
immediately their interpretations for functions of matnc var- 
iables having parity. What follows is more than a set of 
existence theorems, it gives a short way of obtaining the 
actual representations proved to exist m the theorems. 
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EXPANSION AND DECOMPOSITION IN §§ 10-14 
lo Decomposition in Sft,, For brevity we shall write 

TjK) spjK) ^2’ » 0 = 0, 1), 

the indicated multiplications are in For either value 

of j this defines a species of multiplication, not necessarily 
that of 9lg), undei whicli the set of all 
(r = 1, 2, ), as the Ut lun through all elements of 2)7, 

form a commutative semigroup according to 

= ,t’^) 0 = 0,1) 

On this multiplication we impose the postulate 

,n,) 9 j(tv >^s) = SPj(tV = 

so that with lespect to it the , u^) {)= 1, 2, 

j = 0,1) form a commutative semigioup xSince 97,^ is a iing, 
this multiplication is distnbiitive, as in 21 

Let j,s be mtegeis >0, and let 2 to all sets of 
values of the ej each = 1 oi — 1 Then toi j = 1 the 
generalizations, implied by 3:, of (7 4) in 2tq: to / aiguments is 

(10 1) 2’“^sro (uij , wO =^5 Po(mi H-esUs 4- 4-erUf), 

and that of (7 5) to 2 s aiguments f or ^ = 1 is 

(10 2) 2^^-^( — 1)®9’i(«ijM2; j 

= ^ 62 es 628 SPo (^<1 + 62 U2 + + 628 U2s), 

which is equivalent to 
(10 21) 22«(— 1 )«spiK W2; , W2*) 

== 2 ^ ^8 6saSPo (^ % + + + easU2s)j 

also, when ^>1, 

(10 3) 22^-2 (—l)^-lsPi (U2,U2, , U2t-l) 
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and if ^>0 

(10 4) , U2t-i) 

= 2 6162 SPl (et 4 - 62 Ih + ^2t-l U2t-l) 

Each, function on the left is a product in ^R(p, thus 
9 o(tii 7 7 ^ SPo(2ti) yo (ttr), etc , while each right hand 

membei is a lineai homogeneous function in 91^,, with co- 
efficients il, of spo or yi functions, each of a single aigu- 
ment m the functions in a given instance being all gpo 
01 aU yi accoidiiig as the numbei of yt factois in the Dlrp 
products on the left is even or odd The number of teims 
on the light of (10 1)-(10 4) aie lespectively 2’“^, 

a remaik which will be assumed in wiitmg down in 
§ 15 the geneial ^ theoiem mentioned in § 5 
Eithei diiectlv fiom the isomoiphism with % 01 from 
(101)-(10 4) we have the following geneializations of (7 4), 
(7 5) with ^ = 0, valid for integers ? , s, ^ > 0 

(10 5) 2»+2^?-H~l)^!iPo(«l, ^ th)9l{Vi,V2, , V2s) 

— 2 e2s SPo (ifi + 62 th + + e, lb + Vi 

+ ^2 VS8)7 

wheie refers to all sets ef values of the e*, (^ — 2, ? , 

j = 1, ,2 s), each — d= 1 , 

(10 6) Ih) 9 i(vi ,^27 7 V2t-l) 

= 2 ^ 1^2 f 3 t-lSPl iui + 62 ?fc2 + f 6, It, + Vi 
+ ^ 2^2 + ^ 2 f — 1 V 2 i;—l) 

These contain lespectively terms We shall 

refer to (10 1)-(10 6) as the decomposzUon foimulas 111 Step 
II Expansion in The presence of ^ ^ (— 1)^/^ in 
an SR<p identity signifies only that the coefficients of t, 1 aie 
severally equal, precisely as m ^c, when the whole identity 
is reduced modulo ^^ + 1 DeMoivre’s theoiem in 2; is then 
abstractly identical in Sft to 
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( 111 ) n [SPo (?0) + ^ 5Pi Oo)] — yo 4- ? spi S 

V = 1 J=1 J^l 

Compaiing coefficients of 1, / in the distiibiited foim ot 
(11 1) we get the following expcinsion Joimulri^ ni 

(112) ii 2 “h /(») 

= A,-Z.A.^.B.+2.A, —4 ^^6 -4, - b IJq + 

(1 1 3; fjPi (/^l + + + Hr ) 

— 2i -4; -1 Bx —2a A, _a B^ _5 7?, — 

in which A,-jBj is the pioduct ot > — j functions eafh 
with only one of mk {k — 1, , 7) as aigiiinent all the 

aigiiments being diffeient, bv j tiinctions iihose diguments 
aic the lemaming nj, and 2A,-iBj is the sum of all such 
pioducts foi j constant 

12 The identical transformations Jg in To 
each teim on the light of (101)-(10 6) apph the appiopiiate 
one ot (11 2), (11 3) to expand Then diiectly tiom the 
abstiact ldelltlt^ with ^ it follows that the new light hand 
meinbei reduces in each instance identically to the left 
This piocess of expanding the decomposition ot a function 
111 wnll be called the ident/ail ti nnsjoimatiun le It 
coiiveisely (10 1)-(10 6) be applied to decompose each pioduct 
on the light of (112), (113) we get the nhmtmd tnms- 
j-Qimation 1$ These aie fundamental in 5^ 

13 Expansion in ^ Fiom the abstiact identity’ of SRrf, 
^ in § 9, and fioin the mteipietation in § 8 of (8 22) (8 32) 
we can now infer the getmcd ejtx^anston Jonnnias ni of 
which (8 22), (8 32) aie the simplest instances, and infei 
immediately then inteipietations These and the like foi 
decomposition can readily be veiifled independently by mathe- 
matical induction if desired, but this is supeifluous 

In abstract identity with (112), (113) we now ha^e 

( 131 )/^! + ^,+ +K\) = A,-'Z,Ar-iB,+ 

(13 2)/( I + + i.) = + 
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111 ’wliicli 0 = 1, , ;) ih a set of copiime matiic vaiiables, 

and wlieie now A,—jBj denotes a function / having the lelative 
paiitv indicated m 

y(/‘i Hi Vi V2 , Vj), 

i\lieie /<;,(/. = ], , i —j) IS any set ot ) — / inatiices 

chosen fiom the set — 1 , , i ), and v^is — 1 , /) 

aie the lemanung j matiice-s in the set, and foi j 
constant, leteis to the sum of all such /'a foi the i — j)^ 
possible choices of the /»;„ vs The inteipietation is that tf 
file t^s on flip iiqlit me 'teplaied by cnbitiniy /i, f> Iiainiq 
Ike indiinted ieUtine xmiiiies, then the mbit) in y f on the left 
has the same lehitne xmiity as the sum on the nqhi, whidi 
ispU) in{\dl) p{\A)in{\^2)ahen,A -Aj+^+ -\-X, 

14 Decomposition in Fiona 10 \\e intei, as 111 

§ 13, the decomposition toiniulas in wheie 1 , s t aic as 

in the poiiespondmglv numbeied foimulas of ^5 10, the 
(tjii — 1 '2 , / = 1, 2 ) aie copiiine matiic vaiiables 

CUl) K ) 

— + Ci^s + +Cj/i ^ 

CU2) 1)V( Hi Hi WU.) 

f‘2s / <'/U 4- 3 + + 3i ) 1 

(14 3) l)^~VO«i Hi Hit-\) 

^2 f'i f'U—xS C Hi "f" (^2H2 + + (^2t—l H2t-x) 

(14 4) 2^* K-l/-V( Hi H2 ^Hit-i) 

—2 ^1 ^2 ( ch Hi 4" ^2 Hi 4" 4~ (‘it-i Hit~i ) , 

(145) 2-+-'^-H-l)V(^ h. K Hi^ Hi^ His) 

— ^3j./(-^i4“f*i'^i4" 4~ci 4" 4"^2if<2 4" 

-\-e 2 %H 2 s i), 

(14 6) (- 1)*- V 1^1 ^2 Hu Hi , H 2 t-i) 

+ f2«— l/t^Sf-l), 

of which the interpretation is as follo’w^ if the seiei al fs 
on idle rujht of endi of (14 1)-(14 6) he leplaced hy the same 
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fi, ruhdianj hnjond the pnuti/ implied in the notation, then 
J on the left in endi in^tnme, aihitiaiy heyond the iinlnrited 
panty, has the ■^nme i e! nine pro ity as the sinn on the nrjht 

THE IDENTICAL TEANSFORAIATIONS IN §§15 17 

15 The general decomposition-expansion theorem 
in The tollowmg theoiem is fundamental in tlie algehian 
aiithinetic ot pei iodic functions If m 

/ f(h ■?/ fii ys), 

of ah'^olnte p<n ity piux a, In In) theinntiif lanahhi, 

Hj he pro titionecl tn any nay into itj hj mu mutm 1 m tahhs 
(i = 1 I , j ~1 s) so that tn the matin lunahh's 
of all the jia I iifiojn f hm th* ah<^olate pauty 

p{{ai a] In h'j) 
a[ “ 1 “ ^ hj d' > -i-4> ei' — d' ii 

l=L J = 1 

then f is a Itneai homoyeneoas Junition aifh lot ffn tents d[zl 
of 2? ptojjeily (hosen Junctions of all the niritm iaii(ihh)> in 
the protitions, and the ahsolnte pro ity oj eadi oj the 2^-t fandions 
in the matt u \ rn inhlcs oJ ihepaititions is of tht fo) 1" 1^')) 
aheie af-h = of 

When a'l = cfi, bj — hj {i — 1, i , j = 1 s) this 
degeuei ates to t5 2) The geneial theoiem is the inteipietation 
in ot Is, Is As a piacticable method of obtaining the 
actual linear homogeneous function desciibed is necessaij 111 
the algebraic aiithmetic of peiiodic functions, we devise siuh 
a method next, and this imphcitly contains a fullei pioot of 
the theoiem 

16 The identical algorithm in We saw that 91^, 
2 :, ard abstractly identical Hence we may opeiate in any 
one and interpret the results in each of the otheis We shall 
operate in the familiar 2 and infer As in the piinciple 
of duality in geometiy a correspondence is established between 


and if 
of 


4 * 
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the elements and opeiations ot the two bystemb which makes 
computations necessaiy m only one 
When mteipieted in % the Greek letteia shall designate 
independent vaiiahles in when lead in ^ they shall denote 
copiime matiic vaiiables of any oideis whose elements aie 
in SI Sums and difOeiences of vaiiables in X, occniiing as 
aiguraents aie as in ^c, m they aie conjomts, and all 
difEeiences indicate conjugates of paititions of matiic vai- 
lables To 

(16 1) f{h h'ffi ft's) 

in ^ coiiesponds 

(16 12) cos cos ?, sin //i sm //, 

111 X and to 

(16 21) /(^irb^’db ) / ( //irb/ijzt dh/'<s) 

coiiespond lespectnely 

(16 22) cos(Ai±;’2db sin(/ti=b/*i± ±Hs) 

Expansion in X is ineielj the expiession of (16 22) as sums 
of teims each of the type (16 12), foi the appiopiiate i, s, 
decomposition is the leveise piocess of expiessing (16 12) 
as sums (diffeiences) of teims each of which is a cosine oi 
sme of the foim (16 22) accoiding as s in (16 12) is even oi 
odd The tiansfoimations 1^, 1$ in X apply expansion (de- 
composition) to a function which has been deiived in X by 
decomposition (expansion) The coiiespondences (16 11 )-(16 22) 
may be applied to by fiist obtaining Ig, Is m tiaiis- 
lating to and then leadmg the lesults in accordance with 
§§ 13, 14 It IS shelter and easiei howevei to omit the 
mtermediate X foimulas AH steps befoie the last are lead 
as in X, in the final formulas we take the 115 inteipietation 
and get specific lepiesentations of functions having paiity in 
the foim demanded by § 15 We thus letain in the woiking 
of the algoiithm all the advantages of familiaiity with X 
while dispensing with all superfluous intei mediate identities 
Erom the abstract identity of X it follows that the systems 
of hnear equations next mtioduced have always unique 
solutions 
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The algorithm is i educed to the successive apphcation ot 
the two following Note flist that, the (%, cj bemg positive 
01 negative units as hitheito, 


y €- 2 ^ 2 , , e, ^ £ 2 ft 2 ^s/'s) 

has a unique umouKcd fuim zb/(^i, K i^i /^) wheie 
the sign is + 01 — accoi ding as tlie numbei of j = 1 , 0 

which aie negative units is even oi odd To expiess 

yUi+^2+ 4-^j!) in the foim demanded by § 15 we 

stait fiom the descomposition (not fiom an expansion) 

(16 3) 2’“^/ (>1, A, 5 4" ^ t ) 

Piecisely one teim on the light, that gi\en bj == 1 

{( — 2, , y), IS identical vith the gnen f Expand this 

teini, 

(i6 4)/{;i + ^j+ +/. ) = A,—'E2A,-,n2+ 

and fiom (16 4), by the appiopiiate changes of sign ot the 
h{i — 2 , 1 ), write down the expansions of the i emaimng 2 ‘ ~- 

teinis on the right of (16 3) Eedute all teims in these to 

canonical foim We now have a solvable set of lineai 

equations foi the functions/ on the light of (16 4) The 
solution expi esses each of these / s as a liiieai homogeneous 
function, mth coefficients ±1, of the functions 

/ 2 “h e, ^/ ), Ci = + 1 (/ = 2 , y ) Each 

such expiession has the same paiity as the / tiom the light 
of (16 4) to which it IS equated m the solution Substituting 
the values thus obtained into (16 4) we have the expiession 
of the left of (16 4) in the foim demanded by § 15 
Similar ly, to obtain the theoi em in § 15 f oi / ( /t* i +/< 2 + + 

w^e proceed in precisely the same way from the decomposition 
of j i“f) if s IS odd, while if ^ is even we may 

start from (among otheis, see (10 6)), /(/^i, 

Consider now the geneial case ot (16 11), where some 01 
all of Aj, ^^(^ = 1, j ^ = 1, , s) aie conjoints Then 
legal ding this / as a function of say /(A*!*), and of (jlj 
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&ay / (' \f(j) successively, and appl3ing at each such step the 
preceding algoiithm, we finally reach the actual lepiesentation 
lequiied hy § 15 

17 Example of § 16 To illiistiate the algorithm we 
shall applj" it to f(t) C vStait fiom the de- 

composition 

«,»'!) = !)+/(->+«— HI 4- /■(> — “+' i') 4-/ (> -/■/- H). 

and wiite the tjpical expansion, (that of /(s')) of a teini on 
the light 

JO + > \) = JO, «, » 1) —fO — A/'l' >) — fO !>,.«), 
from which the expansions of the lemaining thiee fullov 

/(' 4 » i j = fO , M) 4- /(/ i 0 4- i 4 “) 

/(/ _ 4- , = /(/ u, , 1) -h /(/ !.«, , ) - f (.« 1 1 , /) 4 fO' 1 > , .«), 

= to .u,i\)-fO\,u O + /’(.uh,o4-/(H>,/0 

The solution of. the last 4 is 

/(/,,(,,[) = fQ+u+.\)-^fO-\'.u-i\)-]-fO-,u+^ )4 

fO\fh ") = •» !)+/(' -«4H)—/(^— «-'!)] 

') = |-[-/(/4,«4-H^4-A'4-«~H)“/(^-»+H)+/(J-/'-H)], 

fOl^, /O == -^[-/(>+«+»i)-/(/+«-H)+A>-.''4H)4-/(^-“-H)], 

and it is evident that the sums on the right of these have 
the respective relative panties implied by the notations of 
the functions on the left Substituting these into the ex- 
pansion of we have its expression as a lineai homo- 

geneous function of 4 functions having the lespective absolute 
panties p ((1* 1 0)), p ((1 ! 1®)), p ((1 1 1*)) , p ((1 1 1®)) in the matiic 
variables ^ , (t*, v of the partition fi-\-v of C This 

veiifi.es § 15 m the case oj'=3, <5'= 1, p = 2 

DlVISIBILiry IN sp, §§ 18-21 

18 Divisibility of functions in general We saw^ in 
§ 6 that multiplieatLon of relative panties generates a semi- 
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gioup in wliicli theie aie no mveises Foi the applications 
of 5|3 to multiply pei iodic tunctionh discussed in the next 
chaptoi it is necessaiy now to define a species of division 
foi any class of functions y which shall be abstiactlj identical 
up to a ceitain point, wnth division m arithmetic The con- 
sequences ot the definition need be earned only so fai as they 
1 elate to functions having paiity, as no otheis entei algebiaic 
ai ithmetic thi ough pei iodic functions The undei lying sti uctui e 
in this type of division is abstiactlj that of class inclusion 
in mathematical logic oi, it inefeiied, that of Dedekiiid s 
definition foi divisibility of ideals Inclusion heie hoveiei 
appears with an additional lestiictioii which has no abstiacth 
identical equivalent in theoiies of the Dedekmd oi Kioneckei 
types It will be convenient to use the simplest notations 
of symbolic logic thus 70(? foi p implies q p foi 

pOq qOp, the dot between asseitions signitiing as usual 
the logical ‘and’, also, iiiespective of the inerise meaning 
attached to a diLidet b we shall wiite this as n h, wheie the 
bai will not be confused with that which indicates paiiti 
Let /ii = {r, Hi, rO (/ = 1 A) be anj I \ allies 
of the matijc laiiable {ol ij z) ot oidei n Then 
It theie exist constant scalais <,(/ — ] A) not all 
zeio such that 

= 0 , 

1=1 

w^e shall sa’v that the fniuf/on gp 5f(u) oin ibt 

mat) m i, of 9^ + 1 columns a)td A vo/rs 

n Vt '-1^ 

O ^2 1/2 

XL yi '-kj 

The extension to functions of m > 1 matiic vaiiables is ob 
vious and need not be stated 

A Greek letter in square brackets, thus [^], shall denote 
a Bet of matrices, and either of 
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= 0, myOO = 0, 

shall signify that y vanishes over each matiix in the set [^], 
01 as ve shall say, (f irm/sJies oiet [$] Each element of [^] 
in the above has m + 1 columns, but all do not necessaiily 
have the same numbei of rows, noi do any two necessarily 
have a common element Jt ip - ip is any function of 
the matiic vaiiable u of oidei oi we shall denote by [ip] the 
set of all matiices o^ei which ip vanishes, and call [ip] the 
total set of ip A total set may be null Functions fj>, ip 
having the same total set aie said to be equal, tp = il>, and 
conveisely, equality of functions is defined only m this sense 
The set tr (of any kind of elements) is said to dn ide (oi 
fontain) the set r, cr 7, if each element of r is in o' A set 
therefoie divides each of its elements The sum^ i))odiut of 
any numbei of sets aie defined to be the logical sum, pioduct 
lespectively of all the sets and equahty of sets <r, r is 
defined by 

a 1 T a = G = T 

Let 9 < z_ (pin) W be functions ot the same mat) u 

laiiahle n nj oidej )i Then the definition of djA isibility f oi 
such fimctions is 

(18 1) (f> ip = [y.] ip == 0^ 

that is, dll ides io) lontains) ip if and only if ip hanishet, 
over the total set of (p Fiom the definitions we see at once 
the following, 

(18 2) [ih‘ = o =• [yjim, 

wheie [^J IS any set ovei which sp vanishes, 

(18 3) 9^ = [V^l [[?'], 

(i84) ip D* SpIz. 

(18 5) 9 1// i/; 5P 3 5P = I//, 

and hence, from the last two, division of functions is transitive 
and leflexive as m aiithmetie. We shall say that yj in (18 1) 
IS a mtdtvple of y JBlaOi multiple of gp vanishes ovei [91], 
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19 Co divisors and comultiples of functions A func- 
tion 5f) which divides each of the functions i/'< / called 

a codihisor of V' ? X) if each of the function'^ V' / 
divides gp, tp is called a cormtlHple of V' X Similaily foi 
sets 111 what follows the logical sum, product of the total 
sets [sp], [1/^]. , M of the functions p ip / i^oll he 

wiitten [y + </^ + -h x] . [SP V' xl 
Now [y i}-> x] IS the most mclusive set divisible by each 
of [gp] , . [xl ' ‘T-nd [gp + V' + + /] is the least me lusive 

set which divides each of [gpl, [ip], [/J Hence each co- 

niultiple of fsp], [ip], [x] IS a multiple of [(pif> /] and 

each codivisoi of [y], [ip] , [/] divides also [<p+ +/1 

Moreovei [pip xl [y+V^H- + ;t] ai e the only sets hai mg 

these divisibility piopeities and hence m abstiact identitj 
with latioiial aiithmetic, we call them lespectively the L C M 
and the G C D of [y] [ip] [/] We ha\e 

(19 1) [il>]'[p] I/], [ 9 .] ~r [if> /] [cp] 

that IS any coniiiltiple fy] of [</'] [/] is a multiple ot 

then L C M [ip /], and comeisely it [cy] is a multiple 
of [iji xl then [y] is a multiple of each ot [d'j [/j 

(19 2 ) [ylKV^] [<f]\[xl = [?']|[V'+ +/1 

which states that any codi\isoi [y] ot [W] [/] divides 

then G C D [ip-\- +/]. and coiiveisely it [9] dnides 

[ip + /] then [cp] divides each ot [i/'l [/] Again 

[[»/^+ +x] W' xl] = X] 

by the law of absoiption, and this asseits that the pioduct 
ot the G C D and L C M of the sets [^>] [/] is equal 

to the pioduct [ip /] of the sets 

The condition that the function gp shall be a codivisoi ot 
Vs » X IS 

(19 3) spiV^ spjx = [V'lKsp] [/hbfh 

and that 9) shall be a comultiple of V' X’ 

(19 4) V'isp xlgp *= [sp]|[v^] [5P]|[xl 
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and hence fiom (19 1)-(19 4), 

(19 5) ^\x ~ [ip xWWl 

(19 6) y|y HE [q>]\[tp-\~ +/], 

that IS, if the fiinttion cp dwides each of the fumtionb ip y, 

then the L C M of the total sets of ip, , y (hades the 

toted set of <p, and comeisely^ albO, if the fiimtivn is a 
iindtiple of each of the fnmhons ifi. , /, then the total set 
of 5 p divides the G C B of the total sets of ij.’ , / and 
(onveisely • 

Fiom (19 5), (18 3) (18 4) it folloA^s that 

(19 7) {<p\ip y} {fV' /\e = 0] O 0 

that IS, if each of , y lamshes otei the total set of rj), 

then so also does anij function 6 uhich i nnishes oiet the total 
[ip y] common to the toted seh of 'ip, y 

An example of B such that [tp y]e — 0 is B an\ 

lineal homogeneous function of il>, , y The algebiaic 
pioduct of , y does notmgeneial vanish o\ei [</> y] 
Fiom (19 5), (19,6) we now define the G C D and L C M 
of the functions ip, y It is well to emphasize that 
these aie sets, not functions If in (19 5) we take 
[y] [«/' xl, flien 

[5P]5P = 0 = [i/' ylsp = 0, 

and ip i& now any function vanishing ovei the L C M of 
W, , [y] Since this choice gives the most mclusne [y] 
for which (19 5) holds we call y a gieatest cochiisoi of 
, y uhen [sp] -H [ip Similaily, if in (19 6) we 

take [gp] — +y] we get the least [y] theie possible, 

and any gp which vanishes over [ip-\- +y] is called a least 

comnltiple of , y Hence we take as the umgne 

G C D , L C M of a set of functions those sets whose 
elements are all the functions vanishing lespectively ovei 
the L C M and the G C D of the total sets of the given 
functions 
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By mveiting the lOle of inclusion in the definition of di- 
visibility foi sets an alternative theon of division toi 
functions, abstiactly identical with the above, mav be de- 
veloped In this, owing to the lecipiocit^ between logical 
addition and multiplication the paits plaj ed by addition and 
multiplication aie mveited 

20 Application of division to ^ When applied to 
^ the foiegomg consideiations hate fai i caching conse- 
quences, and It was to attain these, especially in the appli- 
cations of to the algebiaic aiithmetic of pei iodic functions, 
that the divisibility of functions was detised Befoie pit)- 
ceeding it will be well to notice the lemaiks at the end 
of 6 

Let P==//-l-v4- 4-? be an^ paitition of the matiic 

vaiiable ^ Then ant function I'Qt r , (f) (not necess.i- 
iily possessing paiity; is, with lespect to simultaneous change 
of sign of all Its matiic taiiables // ?, a function 

of /, foi the change of ^ into — } induces the change of 
V (») into i^( — // — V — Q) 

Supi)0&e now that/ /(-? ), <7 </( ^) > as aboie aie 

entiiely aibitiaiy beyond then indicated panties pK) ) 
and let F F(ji, v, , q), (r v , a) be an\ 

whatevei functions hating the lespectne panties p{7 ) pi 7) 
as ]ust explained Then 

(20 1) fF g\G, 

foi, f, (j being aibitiaiy to the extent stated, 

[/]/ = 0 D [f]F== 0, [fj\cj = U D [rjW = 0 

Thus, in oui technical sense, F, G aie multiples of /, 7 
lespectively 

Again, it is clear fiora (13 1), (13 2) that each teini in 
the expansions there has the same panty ij(^,) 01 jj(;^), 
where A izi Ai-f-Ag-f- -\-K, as the functions expanded 

Hence J, g ctie as tn (201) and F, Q now denote any 
functions having any of the panties chosen as just indicated 
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fiom the ejioansions oj ) esTpettively, itjolloiisthnt 

(20 1 ) holds j-o) these F, G ami thetefoie if f = 0, g — Q 
OLB) any set of mat) lies ue n\je> immediately that F — 0, 
( 7=0 oiei the same matiiies The relations [JIF ~ 0 , 
[g]G — Onie thus instances of [/]/ = 0 , [ 5 ^ 15 ^ = 0 lespectiiely 
According to om deflnitionb F, G aie multiples of f, g 
lespeetively To lUustiate the theoiem we write out foi 
a few simple functions then multiples obtained by expansion 


/ = 

Function 

Multipleb 

g+v 

fO) 

fCi^, 

/t + p 

tc^) 


g-\-v-\-Q 

fQ ) 

Q ), /(/f '^'5 a). 

fi}'\h, q), fMti, v). 

ft -\-y-\-Q 


f(Qy 

fihf', i', q), f{v, ^1(0, 


ill dll of which the y’s aie entirely aibitiaiy (and hence not 
connected by any 1 elation! beyond the panties implied by 
then notations Ulustiatmg the last f 01 example, we see that 

implies each of the folloi^mg, 

n, Qt) = 0, Qt\gd = 0. 

= 0 , == 0 

Note that conveisely the Inst fow togethei , hut no Jeiiei of 
them, imyly the theoiem pom ivhith they luei e inf en ed Foi, 

the /’s being arbitiary to the extent stated, we may choose 
for them the approximate /’s, havmg the same lespective 
panties, as those oecumng m the expansion of y + v) 

accoiding to § 15 This remark is now generalized 
Let X ~ n-{-v-\r and Ut fjijju, v ,^)(j = l, 

2, ,Ti) denote all the f’s occioung in the eocpanston of 
a dqfiniU one f{X) of f{X\), f{\X) Then 
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(20 2) f.) = 0 (^ = 1.2 7.) 

iocjeilie) im'ply 'Ei = O' wheie 

and no set of J^eaei than L of the letatwois (20 2) nniihj tlit^ 
(ondusion 

In all such theoiems the complete aibitiaiiness of the 
functions except foi then definite panties is to be noticed 
as it IS fiom this that then po'Rei and utilit;;; spiings "We 
can now state a general theoiein Reqanlnu) f = /(P, // 

, v\q, (T, , t) ns a fumtion of eath of the niatnc inutihle^ 

?, r in tain, pnititioninq these in any aaij, and apijlyna/ 
the theoiein of § I'y, ae can uiite doun fiom the tnntdniaj 
of f 01 ei any mntiu a system of equations foi otha f s 
aihitiaiy in the matia laiiahles of the paitifions of niaf/n 
panties in the paiiition laiialife^ (jnen In/ the eipait'^ion of 
the oiK/tnal /, lonieisety, fiom all the fattei eqaatani^ hat 
fiom no feaei of them ae <an iiifei tin oiajinal 

To illustiate, let A = Pi+P., y = Then 

have the following multiples of 

f[) y) 

/(Aj ^2 y)^ f(<h^'2,y) fif y\ yd /'-* ."i* 

fQu yi y^) f(yi h, y^) 

fQi h, y2 yf)^ fiyi h^h^yO 

giving 111 all 9 multiples of /(/ y), itselt included m which 
each of A, y is paititioned into not moie than 2 con]Oints 
The piocess can be continued so long as at least one Ji yj 
IS of 01 del > 1, and at an 3 '' stage theie aie the possibilities 
of paititions of K into I'l conjoints, w^heie l'i<h, li = the 
order of K, and similaily toi yj FInall3^ obseiving that 
any linear homogeneous function of any multiples of f0‘ y) 
IS a multiple of /(Aj/^), we get fmther multiples, and the 
like applies to the general case The complete geneiahty 
of the multiples cannot be too strongly emphasized, the above 
theorems include all possible inferences concermng the 
vanishing over a given matrix to the vanishing of other 
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functions 01 ei the hame matiix It I's necessaiy only that 
the paiity of the functions be the same 

The geneial theorem can be given a slightly moie geneial 
appeal ance by obseiving that in the imdtiples of a given 
y( 2 |) 01 wheie I = -\-q, the fi, v, , q 

may be leplaced by hr^ , (q, wheie a, h, , ( aie 
scalars diffeient fiom zeio This however is a special case 
of the theoiem, and it illiistiates the above lemaiks on the 
geneiality of the functions involved 

successive applications of expansion and decomposition 
to the aibitiaiy / s of paiity , (it \h, , ^&) m any 

sum of such /’.s vanishing ovei a given raatiix we can 
fjenenite a dosed set oj vanishing sums foi nihiti a i g Junctions 
haiimj pai itg The number of such sums is an oi dinaiy paitition 
function of the cu, hj which depends upon the combinational 
function mentioned in § 26 of the pieceding chaptei 

21 Parity transformations A tiansfoimatioii ot the 
inatiic -vaiiables of a function / having paiity which loaves 
invaiiant the absolute paiity of / is calledjnr?/ ti luisjoi nuifion, 

and the lesult of the tiansfoimation a jmiitg tiansfoim of 
the oiigmal function These play an impoitant pait in the 
deduction of special cases of the geneial theoiems infeiied 
fioin pel iodic functions m the next chaptei Theie seems 
to be no simple means of deflmng the most geneial paiity 
tiansfoimation, but we note the following useful instances 
Let g {Zi, , 2 ,i) be a matiic callable of oidei n, and 
let Jj{z ), gji, 2 !) {j — , u) be aibitiaiy of the indicated 

panties Define new matiic vaiiables Zo, Zi of oidei n, by 

^0 ~ ifiiz ), D), 

(</i( 2), (7i (!«■)’ tOnile)) 

Then each of /(^o ')? Ji -^o), f{Zx \) is a paiity tiansform 
of /(r;), and f{\ZJ) is a paiity transform of Ji\z) Moie 
generally, if the respective oideis of the matrie vaiiables 
Ai, jUy be Ui, = 1, , j ^ , s), a paiity trans- 

foim of i iK«) IS given by leplacing each 
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vaiiable in h by an aibitiaiy function of naiity 0) oi 
pifl I rii) in all the vaiiables of ?i, and each \ariable in fi, b\ 
an aibitiaiy function of paiity ^1(0 , in all the mailable's 
of =1, , y = s) 

Fioni § 20 it IS deal, that if F a pintftj fimisfunn uf 
tlw fulninnij / Jiditmi juiufy, thoi J F 

ALGEBRAIC PARITY', 6E^ERALTZATI0N OF § 22 
22 Parity in an algebraic number field The so- 
called functions w itli i ecmiing deum^atim es of Oluiei Nicodemi, 
Glaisher, Appell and otheis suggest a wide geiieialization of 
the concept of paiity as defined in § 2 The functions just 
mentioned aie the simidest instances of ceitain functions in 
II vaiiables with n peiiods i elated to an algebiaic nuinbei 
held of degiee n The functions of Oliviei and otheis letei 
to the meiy special case in which the field is geiieiated b\ 
a piimitime nth loot of unit) In the geneial case the 
hold IS defined h) any iiieducible ecpiation of depiee u 
Tlieie aie associated with the field sets of n tuiKtioiis nliicli 
aie Imeailv dependent mvhen the maiiables aie nmltiidied b\ 
immbeis in the field The theoiv of paiitm as deieluped 
ahome leteis to the simplest of all instances, iiamel) that iii 
which the equation dehiinig the held is a- +1 = 0 As the 
geneiahzatioii is extiemely extensive, and as it leads to a iieu 
domain of algebia, mie shall not puisne it tuithei heie but 
may lefei (foi ceitain algebiaic details) to a papei m the 
Qumteiljj Jounifd (1926-7) on X-Jold peuoilu Jiuiitiuih 
(onnoiied iiith an ulgehiiK mimhpi field oj deijiee X 
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THE ALGEBRAIC ARITHMETIC 
OF MULTIPLY PERIODIC FUNCTIONS 

THE PEINOIPLE OF PABAPHEASE, §§ 1-5 
I Application of parity to periodic functions The 
algebia ha& immediate applications to the algebiaic aiith- 
metic of w-fold. pei iodic function^ « ^ 1 When n — I the 
application leads to the nnmbeis, polynomials and functions 
ot Bernoiilh, Eulei, Genoechi and Lucas in a lathei un- 
expected way, also to the novel geneializations of all these 
imphcit in the algebia of eUiptic functions This application 
is developed by means of IB and a siibalgebia of the lattei 
abstiactly identical with X But as the application of 5)3 to 
the ji-fold peuodic functions when n> 1 leads to a fai iicliei 
theoiy than that just indicated, we shall discuss the case 
/i > 1 alone Undei 72-fold peiiodic functions we include the 
pseudo-peiiodic, foi example the doubly periodic functions 
ot the /th kind, / > 1, of Heimite and otheis, and the theta 
fimctions of jj>l aiguments Unless othei wise stated theta 
shall mean elliptic theta function, and theta qiiot^euf any 
rational function of theta functions Hence in paiticular the 
elliptic functions and ceitam of the doubly pei iodic functions 
of the 2 th kind aie theta quotients as here defined 
The 72-fold peuodic functions aie connected with algebiaic 
arithmetic through the circular functions in the following 
manner Consider fiist the case 7z = 2 In the usual notation 
any theta quotient has a twofold type of expansion, first as 
a powei senes in q, the coefficient of the general powei of 
q being a function of the exponent or of its divisois and 
cmcular functions of the arguments, second, as a Fourier 
senes The lattei, upon expansion of the coefficients of the 
tngonometnc terms into power senes in q yields a senes of 
64 
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the flist species, which shall call tin ri) ithmetual eipan'^itni 
In the above we have neglected tempoiaiih teims iiuolvmg 
leciprocals of sines or cosines, see ^ 13 Such expansion's 
are not cm lent in the liteiatiue because then pimcipal inteiest 
is foi the theoiy of numbeis, especially foi that bianch of 
it ill which we aie at piesent interested The aiithmetical 
expansion of a theta quotient is unique (including the teims 
in recipiocals of sines oi cosines) If in any identity between 
theta quotients the seveial teims be leplaced b} then aiith- 
metical expansions, and if in the lesult coefficients of like 
geneial poweis of q be compaied, ve get a tiigonometiic 
identity which, as will be shown, implies and is implied b^ 
an identity between arbitiary functions ha\ing paiity The 
identity betw een pai ity functions is thei etore foi mall j eqim alent 
to the given theta identity, it piesents all of the aiithmetical 
infoimation implicit in the theta identity in a concise, sug- 
gestive foim, and coineisely, tiom the pant} identit\ that 
between theta quotients can be lecoieied by specialization 
of the paiity functions to ciiculai functions haiing the same 
lespeetive absolute panties 

When n = 1 theie aieno aiithmetical expansions as abo\e 
defined Hence the algebiaic aiithmetic of the singly" peiiodn 
functions is ladically difteient fiom that gi\en b}" the case 

-Ji 7^ 1 

When > 2 theie enter, in place of the single paiametei q 
seveial, sa3’^ ; > 1 With lespect to these / paiametei s it 
can be shown that aiithmetical expansions exist and that 
pioceeding from these in the same va^ as vhen n = 2, ve 
should leach systems of not less than / aiithmetical identities 
between arbitiaiy functions foimaUy eqmvalent to a single 
identity between w-fold periodic functions The ;-fold gene- 
lalization of (£ mentioned m the fiist chapter appeals naturally 
in this connection But when w 7> 2 except in the case where 
no theta function occuis in the denonunatoi, the arithmetical 
expansions have not been obtained, and it seems to be a 
matter of considerable difficulty to elicit fi om AppeU’s expansions 
(n = 4) forms appropiiate foi arithmetic Were these 

5 
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expansions completely knoMn ^e could more than double the 
extant aiithmetic of systems of quadiatic and ceitain highei 
foims in any niimbei of mdeteiminates at one step 

2 Parity functions Thus fai we have discussed functions 
ha\mg paiity without distinguishing the instances accoiding 
to those, of 9t in which the matiic vaiiables lie The 
expansion and decomposition theoiems iii lequiie only that 
the matiic vaiiables be in a iing 9t of St Let be a iing 
in the instance %ij of and let /be a function having paritj 
Then, if foi each set of values in 91^ of all its matiic vaiiables 
j takes a single definite value in and if fuithei f vanishes 
with each matiic vaiiable with lespect to which f has an 
odd absolute paiity, we shall call f a prmiy function in 
01, when %j is undei stood, a pai liy fmuhon In geneial 
% will be although a consideiable pait of the mam theoiem 
is pio\ed in SC It is emphasized that heyond the thtee le- 
stndions stated, namely that J is nmjoim iiith tesyect to values 
oj the matiic laiiahles in the imc) loncei necl, f possesses pai dy 
j lamshes luith each matiic lai lalile occmimg to the i lyht qf 
the hai in it^ symhol f ( ^ W) , the j)a) dy function f is completely 
aihitiaiy It the paiity of / and its uniformity with lespect 
to mtegial aiguments be pieseived, butfuithei conditions be 
imposed upon / gmng, saj F, we shall call F a ; esti icted 
panty function 

3 Principle of paraphrase, first form Let cti, h, 

(i ~ 1 ) 1 ,9) denote d integeis >0, and write 

a, = woj “h ^ wi, i ^ do, s = di, 

oj = Wq -j- Wj , d = do + di , 

as in chapter II § 4 In what follows the t, y with suffixes 
in the d matric variables 17 with suffixes aie w independent 
vaiiables in 

~ (a:*!, a, 2 , Zta) ^ = 1 , , i ), 

Vj = iUju yj 2 , , Vjb) (h ^ hj, j = 1 , s), 

the It, V with suffixes in the following 7id matiic vaiiables 
with suffixes are n 00 rational integeis, 
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}) 


( 3 ? 


u,K = in UK thzK . iftnk) (rt = fti, / = 1 

= (i/lk lj2k ?yWj {7j ^ hj, J = 1 

Ui == 1 )t) 


111 AMitnig fimetions y. (('«$)) of stalai pioducts (ce^) we 
shall omit one ( ) and wnte simiilj *f>(c(S) Fiom the above 
matiic vaiiables foim sralai pioducts as follows 


f(i2l J i2-{- fhtiK •J'tii 

(fijK Ijj) = IjlJ Vj1+ h-ikyj2-{- + tjkk l/jh 
(fr = (fi 1) = hj, i — 1 7,^ = 3 s, 7. = 1 71) 

Let each of the following y, q h he a paiitv fiimtion iii 3^, 
the ling in w'hich the niatiic -vaiiahles he being that ot 
the rational integeis, 

(301) /(*‘i Us) qiS, ^,i) 7, (1^,1 JiJ 

of which the lespettne absolute panties aie 

(3 02) (h\h^ hi) [tifli '0,0) p(0 hi hi) 


and the oideis degiees aie lesiiectiiel^ 

o) 6 , *>0 do Wi di 


Let (jh. h, tk {h = 1 )i) be (oiistaiit integeis The 

geneialization of what foUow^s to the case wheie the qk 7k, tf 
aie consideied as elements of g'c uot essential, as it ( an 
ahvays be i educed to the simultaneous asseition of one oi 
nioie theoiems of the tjpe stated 

We can now^ foimulate the ju u tuple of pat (qilti (c^e IJ n 
pai iiLulat one of 


(3 11) 
(3 21) 
(3 31) 


2: 

0=1 

n 

2 


[n cos (coo ri sin(>dji.^j)jj 

C 0 S(«rfc^,)]| 




= 0 , 
= 0 , 
= 0 , 


5 * 
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iS (in identify in nil of the o, ij ten inhles {iiifh snffi.fe<) 
occmiiuff in the Si, rjj pie^ent, then that ont implies and ib 
implied hy the lo) lesponding one of 

71 

(3 12) ^ (ikf{^\i “Hi ’ «/A ^2i A/J = 0, 

n 

(3 22) hg{“xK “>i “a ) =0, 

K=\ 

(3 32) 'Z, ^ 

7 . = 1 

whe) e f, y, h m e as in (3 01) 

The implication of (3 ;1) by 3 j2 C; = 1, 2, 3) it. evident 
since the tiigonoraetiic pioducts aie instances of /, (/, h le- 
spectnely Again, (3 12), and hence (3 11) implies (3 32) 
but not (3 22) Hence it lemains only to piove that (3 11) 
implies (3 12) and that (3 21) implies (3 22) The last ti\o 
proofs will piesently be i educed to that of the special case 
of (3 22) in which q is of panty ji(?i | 0) 

In the abo\e statement the «, ^ matiices aie in We 
shall piove much moie than this It will be shown that if 
the (X, yS matiices aie tn SI, one? the ciuulai functions also 
aie in St, tlwn (3 21) implies (3 22), and nhen s — in 
(3 11), (.3 31) IS eien, these imply (3 12), (3 32) lespectively in 
SI The two excepted cases of this genei alization fiom 
to St when di is an odd integei also appeal foi seveial 
reasons to be tiue, but I am unable to piove them in St 
The extensions to St aie howevei only of algebiaic inteiest, 
as they can never occur in oidinaiy analj’^sis oi in any of 
its arithmetical consequences, for such analysis is based on 
either or %r In particulai the algebiaic extensions to St 
are urelevant for the arithmetic of peiiodic functions Simple 
applications of the prmciple are given in §§ 14-16 

4 Second form of the principle Before pioceedmg 
to the necessary proofs of § 3 we shall state and prove a 
modified fmm of the principle This modification will covei 
most, but by no means all, of the applications of the parity 
identities that will ordinarily suggest themselves What 
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follows difteis fiom the fiist statement in this impoitant 
lespeet d is Jinthei postulated that in sonw domain the 
pm it y Jam t ions hate (omeiymt pone) se) le^ eopansions The 
modified piintiple applies theiefoie onl}" to lesbnted 
Junctions (analytic), the jninciple in § 3 to /dd esti itted (not 
necessaiily analytic; panty tiinctioiis Foi what follows I 
am indebted to Piofessoi Ct Y Rainich, it has not been 
published elsewheie 

Let F F(pLi , an) be a function of n independent 
vaiiables si , /« m oi which has a powei senes 
expansion 

(4 1) F=Z-i(h. <«) 'i' 'n 

conveigiiig in some domain A In geneial some of the 
coefficients /„) (ij — 0, 1 / = 1 n) will 

be zeio Let G G{ai /«) aKo have an expansion 

(4 2) G — 

conveigent in J The coefficients A -K/i i„), 
B ^ Bill /„) of two teims m (4 1) (4 2) aie said to 
(onesyond wdien and only when (/i i„) — (^i /„» 

(matnc eqiialitj), and G is said nut to eueed the type of F wXieio. 
those coefficients B which coiiespond to /eio coefficients A 
also vanish 

Foi example, no e\ eii analytic timction exceeds the t^ pe ot 
cos / 5 since all those coefficients ot a powei senes lepiesentmg 
an even function w hicli conespond to the lanishing coefficients 
(those ot X, x"* ) m the expansion ot cos a must 'vanish 

Again, does not exceed the tjpe of cos a, but not con- 
veisely since the coefficient ot a’* in \anishes while the 
conesponding coefficient m cosa is 1/24 

Suppose now that foi a gi\en Fiox , /«) theie exist 
(;i -f- ^ ) wi constants 

^1} Cnii Ujtn ij = 1 n) 

such that 

m 

(4 3) 2^ (j Fiaij ai, , ctt^j sc„) = 0 
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IS an identity in the (; = 1 n) Then, </ a junction F 
satisfies cm identity (4 3) the same identity holds joi eienj 
function G whidi does not exceed the tyjie of F 

To piove this, leplace , a?n) by its powei senes 

The left of (4 3) takes the foim of an identically vanishing 
powei series Hence each coefficient vanishes But these 
coefficients aie Imeai combinations of terms of the foim 


(4 4) 

-4(/, 

• 0 «»; 

namely, 

tn 

2tjA{i^ 


(4 6) 

y = l 


= A(i, 



Since the last pi odiict vanishes, at least one ot^4(/i, /„), 

■2 vanish toi evei v set of values ot 

(ii, 5 hd Considei now the expiession coiiesponding to 
the left of (4 3) which is deiived fiom a function in) 

which does not exceed the type of F On substituting foi G 
its powei senes expansion we get a powei senes whose 
coefficients aie ot the foim 

m 

(4 6) BO,, 'i‘r, 


Compaie (4 5), (4 6), and lecall that (4 5) vanishes iii all cases 
If foi a paiticulai value of (/i, , 2 ,^, (45) vanishes on 

account of the ^ factoi vanishing, then (4 6) vanishes because 
Its ^ factor is identical with that of (4 5) If on the othei 
hand (4 5) vanishes vuth A{ii, , 1 , 1 ) foi the paiticulai value 
of (^ 1 , , ?n) then B in) vanishes foi the same value, 

smce G does not exceed the type of F Hence 111 all cases 
(4 6) vanishes, and therefoie 

(4 7) ^ CjG{axiXx, , a,y 5i:,„) =e: 0, 

j=i 

which is the theorem. 
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To apply this to the lesi) tdcd ]}nnupl<\ coiisidei an anahtn 
/ (“ possessing a coineigeiit po%\ei seiiess e\pansion in all 
Its vaiiables) having paiity jj(2 3; This vill sutfice, as the 
pi oof for / having any absolute paiiti is pieci'^eh similai, 
ve stait in any instance fiom the simplest ciidilai function 
having the same paiitj Considei then 

(4 8) y (a- y, n, i, it) ~ cos (a + //) sm (// + ^ + // I 

■\vheie a, //, ti, t ?t aie independent vaiiables iii Fc The suin 
of the exponents of a and y in each teim of the expansion 
of (4 8) IS e\en, the like sum foi o, ?, u is odd, the < o- 
efficient of aiij" teim ^^lolatlng these conditions is zeio Let 
f ^/((/, V, It)) be a lestiictecl (as to anahtiaU ) paiiti 
function having, as indicated, the same paiit\ as ('4 8> 

vhicli IS defined foi mtegial \ allies of its aigiiinents We 
may nov considei an analjtic function vliidi vill assume the 
same values as f foi mtegial values of the aigiiments 

The lattei function vill not exceed the t3]»e of {4S) and 
hence it will satisfy any iden tit’s ot the foim (4 3) -si huh is 
satisfied by (4 8) 

The following illustiations (due to Piofessoi Kainicli) tliiow 
fuithei light on the natuie ot the lestiicted piiiu iple An 
example of (4 3) with = 1, m = 2 is /( / ) + /( — d 
ill which the coefficients < tt aie = d = 1 = — n> — 1 

This IS satisfied bj eveiy function vliich does not exieed 
the type of sin 7, nameh, bj etei\ odd fuiutioii 

Considei next 

y(^+z/)— /(y)+y(o) =- 

Heie F{y yij) :e^ y\ n = 2 wi = 4, and the coefficients 
r, a aie 

Cl = — d = — cj = C4 = 1 
iix = Cfa = 1, (ti — cCi = 0, 

7^1 = 7^3 = 1 1>2 = 7#i = 0 

* Appeal IS made lieie to a veil known theorem of Boiel (.l)lo^ed by 
him, howevei, only foi functions of one •vaiiable} 
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The identity is satisfied by any fimctioii wliicli does not 
exceed the type of l-Arx^y, foi example A{ni y) B, 
where A, J? aie independent of a,, y 

In the following example n = l, m — 3 Take 

J(a/) fiJiOi) /(ra) 

(I h ( ~ 0 , 

111 
as the instance of (4 3) Here 

z=z 1) — ( =z ( — (_^ = a — j)^ 

(ll ~ ft, Hi — />, H^ = t , 

and the functions / aie lineai, A-\-Bjl, oi functions winch 
do not exceed the type of 1 + a 
As a last example, considei functions illustiating the al- 
gebiaic paiitj’ mentioned in § 22 of Chaptei II Let « be 
a complex cube lOot of unity and wiite 

fj (a) = exp j + ccJ exp «a + exp c<® i ( ; = 0, 1 , 2) 

Then in the development of Jjix) only exponents y mod 3 
appeal Considei now, foi example, functions winch do not 
exceed the tjpe of 

Jo(x-^y) /o(h-\-i) flip -\- (1-\~ t) yiCs+O 

Then expiessions will be charaeteiized by the vanishing of 
certain coefficients, oi by the property that if x, y aie le- 
placed by ax, ay, the function is unchanged in value, while 
if ii, gf, ; are replaced by ay, ai the function acquires 
the factor «, etc 

5 Algebraic lemmas We return now to the principle 
as stated in § 3 and outline a purely algebiaic pi oof The 
foUowmg differs fiom the original in oof given in the Tians- 
actiom vol 22 (1921) p 1, and it applies to more general 
situations The algebiaic lemmas themselves aie not without 
mteiest 



MULTIPLY PERIODIC FUNCTIONS 


73 


A lefeieiice to any tieatise on algebiaic equations, oi to 
MacMahon s Comhinatoi inJ Annlysih^ will show that aim g s 
(01 Grii aid’s) tlieoiems on synimetiic functions aie meie 
identities 111 ^ to pio\e 'vshich aie leqiuied onh the 
postulates of an abstiact field and then immediate con- 
sequences, this IS also e\ident fiom Kioneckei s tlieoiy fsee 
foi example Konig, Alqeh msdie GioJSen) of elimination AVe 
shall theiefoie state and pioie oni lemmas foi 51 although 
the applications which we haie in Mew lelei to 111 

01 

Let — 1 ?';(/ — 1 y5) be sets of elements 

111 5t and wuite 

6 ,^^ — -f,;; +/;' = 1 , 

( — 1 )' }}] ~ the /.til elementaiy sj mmeti ic tun( tion (/. -= 1 In 
ot the (t U — I , h), and ( — 1)^ = the /th elemeiitan 
s^mmetiic function (/—I of the ,j i j =- I /it 

Pi) = r,) — 1 -- the unit's in St Without loss of geneialit\ 
assume j8 " h We shall pi owe that 


( 5 1 ) = ffwi ( /II = 1 // ) 

implies Hint /? — h of the \ //) nmidi inicl fhitt 

the / emaintnij h of the Yj <tte ii pei mutation of the f < I / = 1 h) 
Let the ij be 111 2t With the usual comentioii (>' = 1 
and with^^ lefeiiing to all sets of m mtegeis nyt—i un 
each ^0 such that /i -h2/j-t- 3/ j-1- mi,u—m wiit(‘ 


V t /i, ao J'wi) — ^ [C^rti Awi )/ {A,n l>m 1] 

Lyi — t -c; » -\n '1 


In the instance of St, y* is a tamiliai exinession occuiimg 
in connection with Waiing’s theoiems Wiite 

, Sm) = P/n, gpCo'lj O'i, J 


Si, 
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Then, b}" (5 1), we have in paiticulai 

(5 2) P, = JT, (, = 1, j3) 

Again, bj a well known theoiem on symmetiic functions in 
which, as pointed out, goes o’sei unchanged into 2t, 

(53)P=Pj(z = 1 7APj = 0()>a 

Hence the folloiMiig is an identity in the (Kioneckei) in- 
deteiminate u, 

li t, fi-h 

(5 4) ^ JT, H ^ Pj 2 Puj^j , 

?=0 J=0 )=b 

the second sum on the light being omitted vhen /? = h, as 
indicated by the limits By (5 3), (5 4) is equn alent to 

{w — Yx){u — Y 2 ) {tt—Yfi) - — (i)in—f2) ifi — a,), 

which pioves the theoiem (In this pi oof ve haye not 
assumed the fundamental theoiem of algebia 111 its toim, 
but have used the abstidctl 3 " identical consequences m SI of 
this theorem, necessai} toi the aboye infeience, in the loim 
given by Kroneckei An accessible intioductoiy account of 
the lelevant algebia is given m Weddeibuin’s papei on Fields 
in the Annals of MathematHs 1922 ) 

Let next s. = ( 21 , , z,f) be a matiic vaiiable of oidei n 

in 21, let the cia , Yjhii — 1 ^>,7 = 1 , /«, 7 . = 1, n) 

be scalais, and foi m = 0 1 wiite 

Ct (fti, (i2 . Ciu), r, - (y,i, Yj>, Yjii)^ 

Sm -- +(.a^r, — (/\ 

wheie iiLzy^ is the wth powei of the scalai pioduct {iiz) 
'S^e shall piove that 

(5 5) Sjn = (wi 1, 

tmpihes that j3 — h of the Fj aie each eqiiaJ to (0);, (the zeio 
matnx of ordei n m 21), and that the lemaining h of them 
ate a pet mutation of the Cii^i = 1, , &) 
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Foi, by the lemma ]u&t pio\ed it follows tiom (5 5j tliat 
A — h of the (j = 1 jS) ranish and that the le- 

inaimng h aie a permutation ot (C*;) (/ = 1 h) But 
a particulai (Fj i), say (r, 2 ), since 2 is a matiic vaiiable 
vanishes only with r,, that is, onlj wiieii r, — (0),, Fuithei 
a paiticulai pan of the (Fj?)^ (Ci t) Aie equal sa's (7^,2) == (C'^-) 
only when ^ 2 ^ — Qj ft® same leason, which is the theoiem 
Obseive now that S 2 m is the sum of the mth poweis ot 
the squares of the (Cte) (/ == 1 , h) and similaily toi 

Hence, by the last lemma, it 

(5(1) /Si«, — {jn — 1 /?) 

e 1 each a conclusion 1 egai ding the (1 , 2 )- ~ 1 h 

j = 1 yd) piecisely similai to that which follows finm 
(5 5) foi the (f^r) Smce 2 is a matiic laiiable we 

have then the chain of implications, 

{F^,z) = (0,2^) D F2, = C,J 

ID P-) = :±' ( ), 

D 

D fiip ) = f^C,2 J, 

wheie f (2 ) is a paiity function, ot paiih i>(u 0) in the 
scalar vaiiables of 2 01 jj((1,0)) 111 ' 

Without loss ot geneiality let the yd — h \anishmg I, be 
= l /8 — h) Then fiom Avhat piecedes ittollows 

that (5 6) implies 

(5 7) i;/(ai) =zV((o)«i)+ 2 ju,) 

1=1 J = 1 j=,S—b—l 

The last has an immediate and usetiil extension Let 
the be integers, and wiite 

7t == ical -h Ics' + + \(t 

Then, by suitable tianspositions, 

(5 8) 2 = 0 («i = 1 Ay 

21=1 
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can be i educed to a i elation of the fonn (5 6), to winch we 
can apply the lemma pioved foi (5 7) By letianspositions 
in an ob-vious way to a form coiiesponding to (5 8) the final 
lesult of this application of (5 7) shows that (5 8) implies 

f 

(5 9) 2 0 

2i=l 

Let the be as abo\e, and let < be an iiitegei It 
(5 10) 2(p = c 

may considei, in the following pi oof, c ^0, foi it ( <0 
it suffices to change signs thioughout (5 10) Applying the 
lesults alieady pioved we shall obtam the /in>t pi nuipal Jnmvd 
(o 8) and (5 10) ioqeilxe) tmphj 

(oil) == ryfto),. ) 

pr=l 

The coettieients f;,, f , by the above lemaik aie aiiv lational 
integeis B3 an obiious extension these coefficients may be 
any numbeis m toi the lattei case is 1 educed to the 
foimei on fiist dealing of fi actions in (5 8), (5 10), and 
fanally 111 the statement deduced from these by the fiist 
pimcipal lemma, coiiesponding to (5 11), dividing throughout 
by the common denominator used in the fiist step 

It will be sufficient to outline the steps by which this 
lemma is 1 educed to the preceding By tianspositions, if 
necessaiy, and by an application of the lemaik on (5 10), 
also by writing cp = -fl {p times), 01 the 

negative of this if ^p<0, the hypothesis is reduced to the 
foim which implies (5 7) By reveising the above trans- 
positions and lesolutions of coefficients into sums of units, 
we recover from the equality coiresponding to (5 7) the 
leqmred (5 11) 

The fiist principal lemma is imphed by the eveness of the 
exponents 2 m (m = 1 , /t) m (5 8), and it may be anti- 

cipated that 
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t 

(5 12) 2 = 0 (?» = 1 A) 

jj=i 

implieh (coiiespondiiig to (511)) 

(5 1 3) ^ fp/C ' = 0 ' 

p=i 

wlieie the paiit}’^ function /(l^) has paiiU (pi p((0 1)) 

111 e), hut I have not pioved this m 21 I shall theiefoie 
cii cum vent its use in pioving the pimciple of paiaphiase 
111 hy making all instances of which (5 13) is the t\pe 
depend upon (5 11) 

On account of its mteiest we conclude these lenimaN with 
a piiiely algehiaic theoiem due to Piofessoi C F Giimmei 
Inch can be taken as a basis toi in oi mg the hist piiiidpal 
lemma in oi 

It lias shown hy Lagueiie that the leal equation 

Hi (i2 =“ 0 

111 which the Uj aie lational and nj'- has not moie 
loots 1 than the nunibei ot laiiatioiis ot sign m the 
sequence 

riu Ui + u>, (ii + ai + di 

and the pi oof of this theoiem can be extended to uiational Hj 
Let / — 7ij — loge <j, CjT^O Then it t olloi\ s that 

= 0 


has not moie positive loots m ^ than the numbei of laiiations 
in the sequence Hence, if the hj, Cj aie positive, 

IS not tiue ±01 more than — 1 positive integeis § unless it 
is an identity 

6 Application of the circular functions m 2( It is 
easily seen that can be obtained by operations m IB or (E 
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fiom tlie ciiciilai functions in in a maniiei abstiactlj^ 
identical with that Avhich is sometimes used to deiive X fioni 
the pow ei senes expansions of the sine and cosine in oi 
If r IS in St, we define siiij’, cosj, b 5 ’- 


cos 7 


=zr(-i)» 


^271 

{2ny ’ 


sin I 




^2n+l 

(2«+l)>’ 


and the operations bj which such functions aie combined to 
Yield 2 in St aie in eithei S3 oi (£, piefeiably the formei, 
see chaptei I § 22 If 2t is leplaced by eithei of its in- 
stances (j = ( these functions and all opeiations upon 
them aie as in common analysis, in 21 they have no iiumeiical 
significance 

We lecall that Qw) is the scalai pioduct of the inatiic 
vaiiables e, u, and that 9>((2/0) is wiitten With the 

notation of (5 11) foi Cp^ 2 we have the following 7/ 

f 

(6 1) 2 fp cos(Q,>) = ( 

/•? an identity in z so that (6 1) holds Joi all valae'^ oj the inde- 
pendent 1 ni laliles 2 j (7 — 1 , n) in z, then (6 1) implies (5 11) 

Foi, if in (6 1) we leplace > by w'heie t is a scalai 
paiametei, and equate coefficients of like poweis of t, w^e 
recovei (5 8), (5 10), which togethei imply (5 11) 

Note that by equating coefficients of {m = 0, 1, ) w^e 

get in addition to the lelations lequued foi the pi oof an 
infinity more which aie unnecessaiy The supeifluous lelations 
are implied by the necessary, as may be shown by the lemma 
just proved oi independently Thus the cosine identity (6 1) 
IS sufficient but not necessaiy foi the proof of (5 11), and 
this appeals to be the algebiaic equivalent of the analytical 
concept of type excess for functions in § 4 
Now by decomposition in X each of (3 21) and (3 11), 
(3 31), provided m the last two that s be even, can be le- 
duced to the form (6 1), fiom which follows the con esp en- 
ding (5 11) From the last, by the identical transfoimation 
m ^ abstractly identical with the expansion formula in X 
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winch 111 each lestoies the decompositions m X to the 
functions decomposed, nr wje> ihe xn im ij[ilr of xjffi axth} in 
^ 3 /o> (3 22) in iiU aibes, and Jo) (3 12), (3 32) in those 
(ribes when s 6^ is nen, in the n tended Jonn in iiliuli 
the ccj ^ mat) ites in 3( 

Theie lemains then only (3 32) wuth s odd since eiidentlj 
(312) with & even is leducible by the identical algoiithm in 
^ to dependence on (3 32) J./ this point tie pa<s J-iom 

to its instance % 

The pi oof foi easily completed by applying the identi- 
cal algoiithm ill ^ to the following lemaiks Piom the 
definition (§2) of paiity functions, such a tunction t{\zx , ^„) 
of paiity ^;(Oll»^) in the laiiables <j{j — 1, n)» 

eqim alent to (^ ^2 2«) /(^’i, 22 , I), hei Zu \) 

IS a pantA^ function, of paiity ^ 2 ( 1 ” | 0) Coiisidei non the 
instance of (3 31), (3 32) in nliich the absolute pant\ ot h 
indicated 111 (3 02), is the special one pifi I**) Each niatiic 
laiiable in h is now of oidei 1 B 3 ’- paitial diftei entiations 
nith lespect to each of the s independent \aiiables non 
111 (3 31) in tuin the X identity (3 31) is 1 educed to a 
{ osine foim to which the piecedmg lesult can be applied 
iinraediatelj" Each teini in the paiaphiase is of the foim 
< ^sf(^u ^ 2 , fia \), = < t (, /? 1 , , ^s) by the 

fiist lemaik The abo\e algebia is legitimate if and onh 
if the ^j{j — , s) aie lational mtegeis as assmiied 

Hence the paiaphiase of (3 31) into (3 32) i'=? picked m the 
special case when h 111 (3 32) is ot paiitj^ ^>(0i 1®) Thence 
by the identical algoiithm in 5(5, the geneial (3 22) is established 
on obseiving that 111 any X identity whose light hand membei 
IS zeio, obtained by expansion, the set of all teims having 
a given parity vanishes independently of the leniaining teims 
Hence we have pioved the piineiple in § 3 in all cases, 
and we have extended it fiom %r to foi pant}’ functions 
whose odd degiess 3^ (= s in the notation of § 2) are even 
integeis ^ 0 As alieady lemaiked it seems highly piobable 
that the extension to 21 holds also when 3i is odd, but this 
has not been pioved 



^0 ALGEBR4.IC ARITHMETIC 

EXTE^SI0N OP THE PHINCIPLE TO HIGHER FORMS, §4} 6-11 
6 I Odd and even algebraic forms AVe bliall that 
the mat 1 C vaiiahle 5 - = (si, 2 ,) of oidei 0 has an 
intecjicd icihie when and onl}" Avhen the — 1, , ?) 

aie 1 atonal integeis Thub the wja, fijL {i — I, , 0 , 
y = 1, s, A, = 1 , n) 111 (3 12)-(3 32) aie integial 

values ot the matiic variables §t, ijj 111 (3 01) The notation 
w, o)q, Ml, <fj, r]j, in what follows is as in 3 

A 1 atonal integial algebiaic function, not necessaiily homo- 
geneous, in k indetei inmates with 1 atonal integial coefficieiits 
will be called a foim of oulei h Poims of pieassigned 
01 del s and panties can easily be const ucted Foi example, 
the mdeteiminates being the j, y Mutli suffixes occuiimg 111 
the fl/j we get fiom (3 11) the foim 

(61) z f ® n («'‘ ri ’ I 

« = i j==i J 

having the oidei « and the paiity 11 fi, hx , h^), 

tom (3 31) 

16 2) 

a foim of oidei mq and paiity nf), tom (3 31), 

^ I n Vjf' j 

a foim ot oidei mi and paiity | &i, , h^, in all of which ih, 

ijii — 1, , 1 ,^ = 1 , , s) aie aibitiaiy integers ^ 0, 

the (a*fc£t), (fijKVj) scalar pioducts as always, and in 
(6 1), (6 3) Aa. is diffeient from the zeio matiix of Older 
1jj(j = \, , s) m By expansion and decomposition in 

X we can write doMm from (311)-(3 31) any numbei of 
forms having assigned orders, degrees (d, do, dj) and panties 
Let A be any form of order co whose indeterminates aie 
the Xj y with suffixes occuirmg m the matnc variables 
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= Ij , j , y = 1, , s) Then if in the tjj thi& 

foim has the fiist of the panties (3 02), we shall wiite 

A = A(ii, , e, ^1, , ijs), 

which IS said to he eien in each of = 1, , )i odd in 

each of j/^(; = 1, , s) Similaily foi the foims B, C 

B - C ~ C7(l,n 

of the lespectne oideis even in each of the §i odd 

in each of the % lespectively Since A, B, C aie instances 
of parity fimetions the algehia S}5 applies to them In pai- 
ticnlai an arhitiaiy form can alwajs he lepiesented as a lineai 
homogeneous function of foims having paiity In geneial 
a foim has no paiity, those having odd panties, hg) 

aie of special impoitance in the applications of the pimciple 
of paiaphiase 

7 Compound representation Let z' he an integial 
value of the inatiic vanahle z (ci, ) of oidei / 

Then, without loss of geneiality (see chaptei I § 9) an\ 
foim A(zi_, , 2/) in the ; indetei minates — 1 n 
ma 3 " he consider ed as a function ot and it maj be mitten Aiz) 
If z' IS such that Aiz') = n, the integei n is said to be 
lepiesented /it A(i) by if no integial value of - exists 
such that A{>") = n, then n is said to he not lepttbenftd 
in A(z) 

Let noil JL ( e) he odd in z, so that we niaj" ii i ite J. f e ) ~ 1 - ) 

and let A{}i\ denote 1 oi 0 accoidmg as ii is oi is not le- 
piesented in A(,\z) Then A[n\ = A[ — li] Foi if n is 
represented in A(\z) by s', so that = n, then 

— A(\z') — ^(1 — z') = — n gives the lepresentation ot 
— n in ^ ( I S’) by — ^ If next n is not lepiesented in A ( z), if 
possible let / he a lepi esentation of — n, so that 1^') = — ii 
Then, by what precedes, — z' is a representation of n, con- 
trary to hypothesis Agam, since A\n\ = AL — n\ and A[x^ 
takes a definite value for each integral value of the indeterminate 
X, it follows that A[x] is a paiity function having the absolute 

6 
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paiity pdiO), and we may wiite A[a] = dU|] Hence 
the function d[a;!] of the indetei inmate iihuh takes only 
the latues 0,1 foi mtegial tallies of x, and tthuh is such 
that d[R!] = 0, 1 aaoidmg as the integei n is oi is not 
leinesented in the odd foim A(\z) of oiclei i, is a jiaiity 
fiinctmi of X haling the pauty |0) 

With (zi, , Z}) as above, let Cy = Ij ? 0 

denote odd foims, each having the lelative paiity p{\z) as 
indicated by the notation, of the lespective oideis 
(^ = 1, , /), so that 4>(|<) IS a foim in precisely oij of 

the ^ > 0 == 1, ,0 Foi example, if ; = 3, 

and z==(h, V, u'), wheie ii, i, u aie the vaiiables, each of 

■ifl(k) == aiC^\ Ai(\z) == d8(d) == v'^ u*, 

wheie m, s,p.q,t aie mtegeis >0, and in,b,p-\-g-\-t 

are odd, has the lelative paiity ji(|e) 

Pioceed in the same way with the matiic vanable 
?c’ = (it'i, , lufj of 01 del 5, and let be an odd form 

of Older wjO = 1, ,0 Note that ?, g aie not necessaiily 

equal Then foi each mtegial value z' of z each of Aj{\y') 
0 = 1, , t) lb a. definite integer Hence 4; (I I's an 

appiopnate argument foi Bj{xW, and jB/[ 4 ;(| 2 ')|], considered 
as a function of is a paiity function having the relative 
paiity p{z\) For, fiist, this function takes a single definite 
value for each integral value z' of since |] == f 

or 0 according as the integei Aj{\f) is oi is not represented 
in the odd form BjQic) of oidei wj (Second, 

Bj[Aj(\-z)\] = BA-A(iz)\-] = Bj[Aj(iz)\], 

since for each integral value of z either both oi neithei of 
Aj(\Azz) = dzdjClg-; do or do notiepiesent a definite integer 
which is representable in BjQw) Write 

r 

J=1 
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Then, as above, it i«! eatsilj seen that BAiz\) is a panty 
function of z ha\ing the lelative paiity p{z '), and furthei 
that BA{z\) takes only, foi each integral value z' of z, 
a definite one of the values 0, 1 Accoidmg as BA(z'') — 1 
01 0 Tve shall say that z’ has oi has not a tomjjonnd te- 
[jt esentation iii the odd fonn mat i if i annhle oj oidet 2t, 

(Bi(\n), Ai( a), Aiilz), , BA\il), A( ?)), 

and the comjwaiid oidei of the last is the matiix 

(«i, OJi, ftjj, ft)2, «r Wy) 

Foi one choice of the -Bi(|u’), the value of 

IS unity foi all integial \ allies / ot z, it suffices to take 
Bi{]iv) = Ut Ai(\z) = Zi (/ = 1 , M Call this the 

timiauj BA{z\) and wiite it Z^{z\) 

What follows IS meieh to simplif;y the wilting of foiraulas 
when seveial iv, z aie involved in the same discussion 
Assuming that foi guen matiicvaiiables ic, z of an> lespectne 
oideis s, } the specific odd foims ^i(l ^^ ) Ai{\z) (^ = l, /) 
and then oideis (m the abote symbol of compound older) 
have been stated foi a gi\en compound lepiesentation in- 
dicated by we shall wuite 

BA(z ) = AUl), 

uhateiei the mat) ic tmiahJe Zy and hence K{a\) = \ oi 0 
according as z has oi has not a compound i epi esentation 
111 a ceitain odd foim matiic vaiiable, of given oidei and 
given compound ordei If §,7} aie distinct matiic ^aiiables 
XC^l;, Kir,,) do not theiefoie I'm general) refei to compound 
lepiesentations in the same odd foim matiic vaiiable, although, 
if §, ri aie of the same oidei, this possibility is not excluded 
when -S^{^ !), j) occur in the same context In short the 
compound representation foi which Kit\) is significant is 
arbitiaiy in the widest sense consistent with the defimtions, 
and X CC 1) has the i elative parity j) in the matnc variable C 


6 * 
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8 Application of compound representations to the 
principle in § 3 The ijj in what tolloWvS aie as in § 3 
The absolute i)anties of 

I s r s 

n •*-'(#. I) n I) n I) • n i j 

2 = 1 J = 1 ^=l J = 1 

aie respeetivel 3 

2j(ux, , fo, hi ^ ?>s! 0 ), 

2j(rtu .^o| 0 ), 2Kh, 

Hence we shall abbieviate these pioducts to 

Vi' 3 -^(^11 ^ 2 !) Kirji, , ris\) 

The following pioducts 

^(4*1, ^$‘ 3 , '/I 3«?s), 

(8 2) 

^”( 1 / 1 , , nA) h(.\t}i, , Vs) 

have the lespective panties (3 02), we shall wnte them 
correspondmg to (3 01), as 

(8 3)jr/(^i ^ ^A^ix 'W' ■?;!), A 7 i(lfl 7 i, ,vs), 

01 bhoitei, Kf, Kg, K7i 

These th)ee functions cue instances 0 / f, g, li lespectiiely 
m (3 01), and conveiselyj </* A(<?il), ACjy^l) (^ = 1, 

^ = 1 , , s) in KfjKgyKh he leplaced hy the unitni'i^ 

^7(^*1), TJ ivj 1) ^ espectihely, f, g, liaiei ecoiei ed Ji om Kf, Kg, Kh 
Apply this to (311)~(3 33) Then (3 ll)-(3 31) wi^dy 
(3 12)-(3 22) m ithuh f, g, 1i aie leylaced hy Kf, Kg, Kh, 
and conversdy, the Kf, Kg, Kh foim of (3 12)-(3 32) implies 
the f, g, h foim That is, the f, g, h and the Kf, Kg, Kh 
forms of (3 12)-(3 32) ai e foi madly egmvalent, and they ai e 
implied hy 11)“(3 31) yespectwely 

The effect of this extremely general transformation upon 
the algebraic arithmetic of the multiply periodic functions will 
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be examined aftei we have consideied the next, which intio- 
diice aibitiaij even foimb into the pimciide ot paiaplua^e 
9 Limited representations Let ^ = (^i, :,) be 

a matiic vaiiable of oidei / and let .4; (r ) (A = 1, , f) 

be even foims ot oidei wi. ^ , so that At {z 'j = -4^ ( — ^ ), 
and {z |) i& an even toini in pieciselv a>K (lx = 1 i) 
of the mdeteiminates (y == l ,7) Let the A 

(7i = 1, ,7) be constant leal niimbeis and 2' an mtegial 

value of 2 Then ^4i,(;'l) is a dehnite integei Let 
denote 1 01 0 accoiding as «a. ^ ^ is tiiie 01 taKe 

toi tlie integei / Then -.4/ (; |) is an admissible aigument / 

toi {/}, and (.4/ (i|)| = [Ah .( — :)} so that we ma\ wiite 

{.4,(21)} - . 4 ,(.,} a == 1 t ) 

and .4/, [*!} is a paiitv hmction ot : ha\mg the lelatue 
paiity _/>( 2 1) The piodiut 

A = 1 

IS theiefoie a paiity tmiction ot . hating the lelatite paiitt 
^>( 2 !), and L{z') = l ij '^imHlttnteon'-Jy 

c€j .4(r' ) ^ A (A ^ 1 /) 

tiJule fj one (o) moit) 0 / fJiebe t tiuquahta^ /s L\ ' I ~ 0 
111 a way similai to that m ^ 7 we legaid the i speciha 
even foinis .4/,(-'l) and the i pans ot limiting tallies uj 
(A = 1 , , /) as being explicitlv given although not indicated 

in the notatioiij when an L('\) is wiitten toi any inatiic 
vaiiable 2 of oidei > and as 111 § 7, when z ii aie distinct 
matiic vaiiables of the same 01 ditfeient oidei s, it is not 
assumed eithei that any limit 01 that any eten toim to which 
L(z\) lefeis is the same as the like foi L{a ), or that the 
fs tor the two aie the same 

If in L(z\) as defined, ^ = 1 , ^(^i) = 2 ^ (^ = 1, , /), 

and «ft = 0, /?fc = GO (& = 1, , we get L(s\) = 1 for 
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every integial value z' of e We shall call this special case 
the umtmy L{z\) foi the matiic vaiiable z, and wiite it 

y{A) 

Pieeisely as in § 8 we now (with the same hj as tlieie) 
constiuct 

1 s » s 

ulm), 

1=1 j=\ 1=1 j=i 

which have the lespective absolute panties (8 1), and shoiten 
these to 

■Z^C^i) > ^rj rix- » ^s|), I); L{rjx, , r/sj) 

Coiiespondmg to (8 2), on leplaeing theiein K by L, we 
obtain 

Lfi^x, , J?s), L(/{e^, I), Lh(\rix. ri^), 

01 m shortei foim LJ, Lg, Lh coiiesponding to (8 3), and 
see that these tJnee fimdiom roe instames of f, g, h 'tesped- 
ively in (3 01), and conversely, if L{§t\), L{rjj\){i = 1, , > , 

^ = 1, , s) in Lf, Lq, Lli roe leplucecl hy the unitai le'^ 

yivj\) rew^diiely f, q, h roe ) eiovei ed fi om Lf, Lq, Lh 
According as Li/\) = 1 oi 0 we shall say that z (~ mtegial 
value of the matric vaiiable z) has oi has not a limited 
7 zpr esentahon, the lattei being defined by the specific pans 
of limiting values «/„ and the even foims Ah (z |) (7i, = 1 , , Y) 

which define L(z\) 

10 Application of limited representations to the 
principle m § 3 Since Lf, Lg,L7i are instances of f, q, h le- 
spectivelyin (3 01) we see that (3 ll)-(3 31) imidy (3 12)-(3 32) 
zn winch f g, h me replaced hy Lf Lq, Lh, and ( on- 
vet sely (Jby passinq to nmtary L’s) the Lf, Lq, Lh form of 
(3 12)-(3 32) implies the f, q,h form Hence hath the f, q, h 
and the Lf, Lq, Lk fotms of (3 12)-(3 32) ate implied hy 
(3 ll)-(3 31), and they ate formally equivalent 

11 Limited compound and compound limited 
representations We now consider the simultaneous effects 
of L, K and of K, L in these oiders (the results are not 
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the same ui geneial), on/, 7 h as m (3 01) and then sig- 
nificance foi the geneial piinciple in § 3 

The «, ^ '^Mth hiiffixes m f312)-(3 32) aie ) + s mtegial 
values ot the matiic vaiiables fj, rjj ot the lespectne oideis 
«ij 0 = 1 >,7 = 1, ,9) Hence thiough the cf, /? 

there aie miohed in the /, r/, h in (3 12)“(3 32) pieciseh 
n oj, 7 ia}Q, 01 Oil mtegeis, wheie w, ohq, oji aie as defined m 15 3 
Let us consider the case which actually occuis in connection 
vith the n fold (n > 1) peiiodic functions The n « izoj,, » wi 
mtegeis just desciibed aie hneai timctions Aj h ot the 
mtegeis which lepiesent a set of constant mtegeis 

m a system © ot foims (as defined in § 6 ) ot the 
second degiee that is, each membei ot © is a quadiatic (not 
nece&saiily homogeneous) toim 01 a bilineai toim Foi 
example, 0 may consist of the single toim 

jq’ -f 2 -f 3 rj -h (5 ^ 

the A Aj ma\ then be ot the t^pe + + 

wheie the <\ aie mtegeis not all zeio the r'l being detei- 
mmed, toi example by a set of equations each of the tipe 
V 2 , v\, j' 4 ) = / wheie y IS a constant mtegei and finalh 
the Aj, 7,, , 01 ceitain of them aie the mtegeis tiom uhich 

the a, yd (AMth suffixes) aie coiistiucted Examples \m 11 be 
given latei 111 this chaptei, foi the piesent it is sufficient to 
note that the A’s aie Imeai m the indetei inmates defined 
by © and that each foiin 111 © is oiih ot the second degiee 
We shall say that each of (3 12)-(3 32) is nifegtnted oivi 0 
If m (3 12)-(3 32) we leplace f fj h by L/, Lq, Lh ve 
theieby select fiom the P’s only such as satisfy ceitam hmitmg 
conditions 01 by an obvious analogy, the f q.h theoiems 
aie integrated OA^ei the ivhole of @ and the i/, Lq X7/ o\ei 
only a limited legion ©i of © The conditions imposed 
by L can, m certain instances, depending upon the specific 
even foims appeitaimng to L, be tiansfeired duectly to © 
Havtng yestated (312)-(3 32) tn lefeimte to L, ulmh can 
cditayb he done eocyhcitly hy merely ad^cnning to^ the set oj^ 
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ineqnaUttes (mj}osed hy L mid letnining the y, cj, h foims 0 / 
(3 12)-(3 32), UP ran the^i apply K to the result The eifect 
of K upon the /, y, h foims of (3 12)-(8 32) is again the 
adjunction of a fuithei set of indeteiminate equations to those 
of 0 If the foims appeitaimng to iT aie sufficiently simple 
(foi example, if each is a constant times a single aibitiaiy 
odd powei of one indeteiminate) we can omit lefeience to 0 
after tiansfoiming it to a system ©a of forms of degiee 
>2 hy means of K In aU cases the application of L, K 
mtioduces foims of highei degiee than the second Proceeding 
m the same way with ©x and K, we 1 estate (3 12)-(3 32) 
with leference to ©j.a, in i^hich L is applied first, and 
similarly foi ©a'x Taking now eithei the same 01 diff ei ent 
Kf L we can stait fiom ©aa, ©ai,, and deiive paiaphiases 
integrated ovei 

©ii, ^LLKj 0AiJi', ©AATA, , 

and so on indefinitel 3 ’^ In th/s nay ive es/ape f)om the 
tyaditional hmitation to foi vis of deep ee ^ ^ of the ajilJlu atwns 
of the elliptic and othei peiiodic f mu tions to algelncin nnth- 
metiL It is to he noticed that the odd 01 eien deep ee of any 
foim concerned is cm cahitiaty constant odd 01 even integei 
The applications aie so numeious, and so leadilj^ made, that 
we shaU take space m the following foi only a tew of the 
simplest to show then natme 

APPLIOATIOX OF THE PRES^CIPLE TO THETA QUOTIENTS, 

§§ 12-16 

12 Arithmetical expansions of theta quotients A7e 
shaU indicate a tew of the moie piohfic souices fiom which 
anthmetical expansions (see § 1) can he deiiyed Of the 
first impoitance in the present connection aie the douhly 
periodic functions of the second kind g>a^yQx:,y), wheie 
(^) = (a?, g) (« = 0, 1, 2, 3), 

(*, y) = 2 ). 
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foi the following 16 values ot the tuple index «/?/ 


001 

010, 

023, 

032 

100, 

111 

122 

133, 

203 

212 

221 

230, 

302, 

313, 

320 

331, 


as by means of them we inhoduce m the simplest i\av paiitj 
functions in matiic variables ot an\ oideis > l \\hose seteial 
aiguments contain the dmsois ili dj, ot a set of iiitegeis 
III, then tonjiKjates, di, dg , namely \\e ha've 

t?idi = Hu The doubly peiiodic tuiictioiis 

ot the flist kind (elliptic fimctions) do not m geneial gi\e 
use to such paiity tunctioiis without the use ot elaboiate 
1 eductions bv means of the aiithmetical theoiy ot quadiatiic 
and bilineai foims, all of nliich aie avoided b\ the sim])le 
analysis ot the expansions Aceiuate toinis ot these aie 
gnen in the Mosseiujvi of 2Inthim(iin'- \()1 49(1919) p 
A tjpical one is 

y' 33 i(j' (j) = CSC y + 4^ ('/”[( — 1)"^ sm(i f / -^r^)] 

in which the tiist 3 icfeis to w — 1 2 3 the second 
to all pans (t i) ot integeis t ot which r is odd, such 

that fi = }i The same list is also gi\en with a less 
comenient notation foi the diMsois m the T/oncoc f/oi/s 
^ol 22 (1921) p 207 The entiie liteiatuie ot the expansions 
ot theta quotients (in the usual anahtical toims) seems to 
have been singulaily uiitoitunate m the mattei ot mispiints, 
Jacobi's collected woiks howevei aie an exception 

Fiom the above 16 can be deiived by elemental v methods 
a gieat iiumbei of i educed aiithmetical expansions toi poweis 
and pioducts of elliptic functions and foi the doiiblv peiiodic 
functions of kinds highei than the second A selection is 
given in the Quaitetly Journal, \ol 54 (1924) pp 166-176, 
the few inispimts can be easily collected by means of the 
outline ot the method used 

The piincipal souices foi expansions ot functions of the 
third kind, all of the gieatest interest toi aiithmetic when 



90 


ALGEBRAIC ARITHMETIC 


1 educed to tlieii piopei foiras, aie Hei mite’s CEimes, the 
These of Biehler Sui les Develoxiperumts en series des fomtions 
douhlement periodiqnes de botsieme espece. Pans 1879 the 
papers of Appell m the A7mnle% de I Ecole nor male sajreriem e, 
vol 1 (1884), pp 135-164, vol 2, pp 9-36, 67-74, vol 3, 
pp 9-42, vol 5, pp 211-218, also Atia Mathemafa a, vol 42 
(1920), pp, 341-347, and the series of papeis Kiause, 
Mathematische Annalen, vol 30 (1887), pp 425-436, 516-534, 
vol 32, pp 331-341, vol 33, pp 108-118, vol 35, pp 577-587, 
also his tieatise, Dopxreltjrenodisdie Funktionen, Leipzig 1895 
Almost any one of these lefeiences offeis an inexhaustible 
source of aiithmetical theoiems when subjected to the methods 
of this chaptei 

The intioduction of indefinite bmarj" quadiatic foims into 
theta expansions was fiist effected by Peti, although it is 
piobable that ceitain theoiems stated by Stieltjes weie ob- 
tained by such means The papeis of Peti aie in Czech, 
independently most of the fundamental expansions weie found 
latei by G- Humbeit, Journal des MatMmaUques, 6 sei , vol 3 
(1907), pp 337-449 Humbeit’s 6 basic expansions aie 
1 educed to then aiithmetical foims in the Quarterly Journal, 
vol 49 (1923), p 328 These aie paiticulaily suggestive in 
the theoiy of geneialized class numbei relations These few 
indications must suffice, as I hope on auothei occasion to 
considei the aiithmetic of theta quotients fiom the piesent 
point of view in detail Such expansions as aie necessaiy foi 
illiistiations pieseiitly will be stated without fuithei leteience 
13 Elimination of negative powers of sines and 
cosmes Many of the aiithmetical expansions contain teiiiis 
in see a:, esc ic, tanic, eotr, sec(z;rb2/), tan (sc zb 2/ i iS-), etc 

Such teims must always be eliminated from anj" identity 
I between circulai functions obtained by equating coefficients 
of like poweis of g in an identity between aiithmetical ex- 
pansions of theta quotients befoie pioceeding to paraphrase 
Let ^{x) denote any one of see a?, esc a?, tana;, cot a:, and 'rpip) 
eithei of sin?/, cos?/ Then any product of the foim y ix) yj (nx), 
where « is an integei, can be reduced to the form Aq>'(x) + 
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a finite sum of sines oi cosines of mtegial multiples of n, wheie 
fp' {x) IS a definite y (x) and A is independent of x (A may = 0)» 
by means of 16 foimulas <ip(/) n even oi odd ot 'vshicli 

typical ones aie 

cos 2% S' CSC j = csQj — 2 — 1)7 

j =1 

cos( 27Z + 1)^ seco: = (— + 2 2(— D" cos2j 

If a powei {x) ?!>! occuis 7 applications ot the appio- 
piiate ones of the 16 formulas effect the 1 eduction It a 
function of more than one vaiiable, saj g>(x-\-y) / +«w/) 

where Ui, aie integeis, is to be 1 educed we leplace the 
aigument ot y by a single vaiiable, z = o-\-y, getting then 
g>{z) ipiui — ni)x-i-n 2 z) On expansion of the U> factoi b\ 
the addition foimulas foi sin, cos, the 1 eduction is leteiied 
to the pievious cases The complete set ot 1 eduction toimulas 
foi 2 variables is given in the papei Quelqitp^ (tpylanfiun^ 
d trois tenues in the Gio)nale di 2,Latem(iti(he vol 59 (1921) 

14 Applications of division of panties Fiom the 
examples given shoitly many mteiestmg consequences 111 the 
same numbei of variables 01 fewei may be denied bi the 
methods of Chaptei I, §§ 18-21 among which we note the 
following Considei foi example a 1 elation ot the tipe (3 32' 
wuth Z? = y, (e, ?)), wheie the /, y, / aie mdpi>endent 
vaiiables Since h is a paiity function in (3 32) each ot the 
parity functions hi Qx, y, z), 7i2 (I r^y^i) ma^^ replace h in (3 32) 
since each satisfies the paiity conditions upon h 

Moie geneially if any 01 all of the vaiiables m any matiic 
vaiiable to the left of the bai be deleted in the symbol ot 
a jianty function, 01 if in any matiic vaiiable occuiiing to 
the right of the bar any mimbei of vaiiables less than the 
order of the matnc vanable concerned be suppiessed the 
lesulting functions are instances of the original and such 
tiansfoimations may be applied successively to deduce tiom 
a given (3 12)-(3 32) instances of the latter in fewer vaiiables 
Hence, the notation being as just after (3 02), we get m this 
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wa^ tiom (3 12)-C3 32) lespectively tlie following numbers of 
paiaphiases concerning functions whose ordeis do not exceed 
the oiders w, ooq, wi of 7i, 

including the case wheie the functions aie constant (parity 
p(OlO)) 

Again, fuithei instances can be obtained by leplacing the 
vaiiables in any matiic vaiiable by a linear homogeneous 
function of themselves with integial coefficients, with the 
lestiiction that the coefficients be not all zero if the matric 
variable is to the light of the bai This includes the in- 
stances just stated 

As anothei useful tiansfoimation, it is cleai fiom the 
definition m § 2 that any common factoi (in the sense of 
lational aiithmetic) of all the integial values of a given 
matiic vaiiable in (3 12)-(3 32) may be suppiessed 
Sums of functions tianstoimed in any of the above ways, 
01 linear homogeneous functions of them with integial co- 
efficients aie tuithei instances 
AVe note finally the following among the numeious tians- 
foimations leavmg the tiuth of (3 12)-(3 32) unchanged 
Ceitain of the vaiiables, scalai oi matiic oi both, in any 
(3 12)-(3 32) may be subjected to all the substitution's of 
a finite gioup (r on them whence, by addition, aie obtained 
aibitiary functions which have paiity and which aie invaiiants 
of G This can be generahzed to substitutions which change 
the signs of the functions, oi which lepioduce the functions 
multiplied by constants 

15 Consequences of Jacobi’s theta formula For 
the deiivation of paraphiases horn the theta quotients, Jacobi’s 
memoir, Tlieoie dey elhpiischen Funkiionen, vol 1, 

pp 499-538, IS the most piolifie souice Its arithmetical 
consequences have barely been noticed, and not at all in any 
systematic manner We need give only a few instances 
The fiist arithmetical identities of the types (3 12)-(3 32) 
were stated by Liouville, who asserted that he had found 
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them by elementaiy means. Pioots foi mo-st of hih toimulds 
by such methods weie given by latei viiteis leteiences to 
whose papers vill be found m Dicksons Hi^toty \ol 2, 
chapter XI The entire set ot Liouville s general toiirurlas 
follow by the principle in ^ 3 from elementary transformations 
of Jacobi’s theta identities, and these in tuin aie implied bi 
Jacobi s formula for the multiplication of four theta fimctions 
The same is necessarily true of Weieistiass’ equation of 
three terms, since, as is well known, this equation is eqiuvalent 
to Jacobi’s formula The foimula itself (see Jacobis proof* 
rests on the elemental identity which tiansforms a sum ot 
4 squares into itself, and all pi oofs bj elemental \ means ot 
arithmetical theorems of the tjpes (3 12)-(3 32) amount to 
repeated applications ot this tiansfoi matron It uill be ot 
interest to indicate biietly the analytical origins ot those of 
Liouville’s theorems toi which algebiaic pioots ha\e not 
hitherto been published The complete deduction ot the 
theoiems from the theta identities and expansions stated is 
a stiaightfoiward exeicise in tiigonometn 

As a first example let g>(ii z ii v) be a restricted paiiti 
function (see § 2) subject to the lestiictioiis 

(p(tv, z , u , i) — — 5p( — n — r , — u — <> = — — :,i o* 
the first of ivliich states merely that g- has the lelatne paiit\ 
2 }{\(w, z, Then, the 2 lefeiiing to all sets of mtegeis 

Vx, ya J'o such that V 2 n S 0 are odd or eieii 
IS odd, and for the constant 1 mod 4 

we have the tollovniig, 

X [gp (2 + 2 >^2 + /“sj 2 Vi — — 2 Vi, I'l — j'2 , ) 

~\- y>(2Vx-[-2Vs-^Hi, 2 7^1 4-/^3 2^4 7^1 + = 0 

In this (as usual), ( — 1 j«i) = In particular ve 

may take /"(] (w, z, it, v)), uniestncted of the indicated absolute 
parity i>(|(^o, z, u, v)), and choose 

go {w, z, u, v) = /(I {tv, Zf M, u)) —J (1 (u , — z, V It)) 
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This IS the most general sp satisfying the stated conditions 
For the theoiem is the immediate paiaphase of the following 
theta identity which is easily deduced fiom those given by 
Jacobi, 

[©(/r, n, ^)4- — it. — 2)\ ^^0? — z) 0 -q{v) 

~ [©(r, i, — ?) + ©('?!;, — — -S’)] *^3 (» + .£) ’9 o(?07 
wheie 

® q) = "^0 Q'- + /* 4- (») — q) 

To intioduce functions of the second kind into the identity 
divide thioughoiit by (^ + z/) U — y) Of— s') 
aftei leplacing ?^, i by a + //, % — i/ lespectively Then 

y»ooi ( a^ + Z/j /f — Z/-~2) ^sOf — — u) 

+ yooi ( — x—y, w — — y — s) {w-\-x-\- y) 

— yaoiC x—y, n —z) y-\r — 

— +2)^8(a + z' + -s)’^s0f + i^ — Z/) = 0 

is an identity in a, y, z, w The substitution foi u, v is meiely 
to enhance the symmetiy of the final lesult The expansion 
foi 5 P 001 IS 

SPooi (x, y) = CSC zz + 4 ^ O'" sin (2 U + r#/)] , 

the oiitei ^ lefening to « — 1, 2, 3, , the innei to all 

pans (jfj r) of dmsois of qi such that n = Zt, Z, t>0, i odd 
Using this and 

(x) == ^ COS 2vx — 1 + 2 2 cos 2 na 
(v = 0, rhl, ±2, ,n==l, 2, 3, ), 

we get on comparing coefficients of like powers of q in the 
theta identity its paiaphiase Write 


Fix, y, z, t) ~ /(1 33, y, (z, t)), 

wheie /is unrestncted of the indicated paiity p {\x, y, {z, tj) 
Then, m being an arbitrary constant integei > 0, and the ^ 
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on the left of the follo-tting extending to all sets of integial 
solutions d^, 6^) of 

m = wi£ -h dg, »ip m, g 0, odd, d^, > 0 

and that on the light to a = 0, 1 , n — 1 taken o\ei all 

integral solutions (a, h) of 

m — rf>0, 

the paraphiase is 

^F(Si — 2m2f dj+2»2i) 

= 'Z,F{2a~2s—l, a—h, n-^-h, 2h-t-2s-\-l} 

This IS equivalent to Liouville’s 16th Article Jow)inl des 
Matheinatiques, sei 2, vol 9, 1864, pp 3^9-400 Since both 
this paraphiase and that fiist gi\en are equivalent to the 
onginal theta identity, it must be possible to tianstoim eithei 
into the othei by elementaiy means, but I shall not attempt to 
do so Both expiess abstiactly identical aiithmetical lelations 
The substance of Liouville’s 13th, 14th and 15th ai tides 
(loc cit pp 249-256, 281-8, 321-336), is given in the following 
paiaphi ase couceinmg the same JPtoi the paitition ( m constant} 

Yti = 4. mj -h 2“’''^^ dg, > U, odd 

so that m is odd, 

'^F(2^^di — 2?n2, (?s+2»72 — mu rZ3+2 7«2+ 

/3 + 2 *+ 1 , 

the second ^ leteiimg to s = 0 1, 2, (a~3)/2 o\ei 

all solutions («, /8) ot 2 m = a^-j-/8- (so that «, d ai e ne- 
cessanly both odd) in which a>l and /3 has the sign that 
makes (a + /d)/2 odd (See foi fullei details LiouviUe, loc 
cit, pp 321-336) This is one paraphrase of the easdy 
proved fact (which follows without difficulty from Jacobi’s 
identities) that 

[i/j (w, z, %i) — ^ (it, — — h)] i> 2 (w — 2-, g®) -d-x (i.), 
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in winch 

.. ») = ^0 ( “ + ^2+ "" ) ^a(» -»■ (-'^7"-), 

lb unchanged in value when ti, v, z aie leplaced b}" v, n, — s 
lespeetively Foi, fiom this we infei at once 


SPooi 1 

Nt -f-e 
^ 2 ’ 

") 

^2 0 — T) Q^) 

+ SPooi 1 

1 IV — e 
^ 2 ' 


^ 2(1 — 2 , (2®) +?G r) 

— 5Pooi 1 

1 21— Z 
\ 2 ’ 


Ot 4- S' (z®) ^2 1 . (Zi) 

— 5Pooi 1 

(if'. 


^2 O' + 2, g®) -^2 Of- + i\ a') 


an identit 5 ’ m u, 2 , u, b which paiaphiases immediatel} into 
the stated theoiem on substitutuig the expansions and pio- 
ceeding as befoie By means of the tiansfoimation of the 
second oidei eithei of these y identities can be infeiied 
fiom the othei, but it is simplei to deduce them sepaiately 
fiom Jacobi’s lists of theta toimulas 
An othei of LiouviUe’s theoiems of a siinilai land foi which 
no pi oof has been published is the following, which he used 
in obtaining seveial of his class numbei lelations The odd 
constant integei 712 >0 is paititioned as follows, 

wi = 2m'=“ + fZ"d", 2 m = 

in which d", d", d^, aie odd, qiii is odd, and these 

aie all the restnctions on the integei vaiiables Then it is 
stated that (loc, cit, vol 7, p 42), 

2 2^F(.d" + 2m', d" — 2m', 2 m' + d" — 3") 

wheie F(oc, y, z) = /((y, s) \ aj), this / being an unrestiicted 
paiity function of the parity indicated The theorem is the 
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paiaphiase of an immediate consequence of the following 
special case of one of Jacobi’s identities, 

(h + c) i9s (f a) (ri + h) 

+ xf-Q (n + c) i9-s (a) (h) ^3 (c ) 

Change the signs of 6, t Then, by elimination, 

'0-2 (c — a) [i5^i (h + t)^o (b — a)-d-iib — c — a) 

+ {b — f)^o(b — a) &s{b-{-c — a)] 

= xf-B {ft ) (b) ^)(() (b ^ — fi)^o (b — c -{- a) 

+ 0-Q(h-i-( — aliS^afb — ( + 

Factoimg the last by the addition theoiems toi the theta& 
we find finally 

■^1 (b-\-c)&o(b — (i)t^iih — c-\-a) 

+ t>i (b — ()x^oib — ri)-&i(b-\- < — <()] 

— 2 O'q ( b ) •d’l ( b ) x/j { b ) v^s ^ O ift) xf‘Q ( f — n ) 

By means of the last identity i\e leadih see that 

J[SPlOo(-^ + 2> 2/ — (?■; tf) 

4-SPiooCiC — S' — i/-\-z^q^) 

+ yioo(^^,^^) + SP.8s(-^ -^^)] 

Using the expansions of 5P100, SPisn as given m the papeis 
cited in § 12 we have the theoiem 

This example illustiates a useful algoiithm Starting Ironi 
any of Jacobi’s (01 Briot and Bouquet’s) theta identities, we 
change the signs of one 01 more vaiiables and ehminate 
terms unchanged 01 changed only in sign by these trans- 
formations We then use the addition theoiems for the thetas 
to separate sums into pioducts, or inversely Last, by the 
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tiansfoimation of the second oidei we can fiequently reduce 
the iiiimhei of theta factois in several of the piodiicts befoie 
division of the eiitiie identity by the same theta pi o duct to 
lutioduce functions of the second kind Theie is no difficulty 
in wilting down x) y identities eonceining pioducts of many 
factois The desideiatum, to leach simple paiaphrases, is 
that the numbei of factois y in each teim of an identity 
deduced fiom a given identity shall be a minimum This is 
the oiigm of the seveial i eductions in the above examples 
Any stage of the i eduction yields aparaphiase, all such aie 
arithmetically equivalent, although this may be tioublesome 
to piove by elemental y methods m a given instance 

Contmumg with the examples we find fiom Jacobi as just 
indicated that 

[.5^0 (it <0 — 2v) 

— — ff) — it) x9o{z^-j-t( — v) — y) + 

A &o(t0 

IS mvaiiant when /(, i aie intei changed Putting if = 

V — ij — ^ we get aftei a tew simiile i eductions 
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2 
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1 2 ’ 

2 . 2 J 


—y—i 

l^.( 

\ 2 ~ 

2 > 


an identity in r, \j, z, which paiaphiases at once into 

'2F(.d"+m', 2d''+ 2)n'— d") 

= e(m) s, «)— 2i)], 

wheie F is the paiity function 

F{x, y,z) ^f{\x, y, z). 
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the ^ on the left lefeih to the paitition 

m — d" d'\ m' = 0, d", d" " 0, 

toi m fixed (the integeis w? m' fV' d" aie mthout fmthei 
lebtrictioiis)^ « (m) = 1, 0 aocoidmg asi m is oi is not a sqiiaie 
WSJ lespectiTely to 

9=1,2 , ^ = 1, 2 . — 1 

This is the substance of Lioiuille’s 12th Aiticle, loc cit 
vol 5 (1860), pp 1-8 

Completely aihitiaiy single valued functions ot integei& 
(not lestiicted as to paiity) of one oi moie vaiiables can 
easily be obtained by the same means as abo\e But it is 
to be noticed that, so fai as geneial toimulas aie concerned 
(those containuig the aibitiaiy functions), this is no essential 
gain in geneiality o\ei the paiity paiaphiases 'When ^^e 
come piesentlj to the theta functions ot 1 laiiables ue 
shall see that the aiithmetical eqimalents ot theta identities 
always involve completely aibitiaiy functions One example 
foi the elliptic thetas nill suttice The pseiido-genei ahti is 
attained by the device ot adding an ideiiticalh lanishing 
sum to a paiity identity 

The expansion ot in the leduced toiin is guen 

in the papeis cited in § 12 

the outei ^ leteiiing to m = 1, 5, 9 13, the innei to 

all d, d:>0 such that m = dd Hence the identity 

^oOf/2) &i/^o(h/2) = 

paiaphrases into 

2^(— 1 y'^ (—1 1 62 )/ (vt + — - 1 j = £ ( »iH— 1 ; 2/(0 1), 

where m = lmod4 is constant, and m — 

j'l 5 0, di,d2'>0 Now, for suitably chosen fix]),f(\x) 
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the arbitrary y(«) ~ f{x\)-\rf(\jc) Hence if it can be 
shown that ovei the same partition 

(A) Z (- j r (- 1 1 ^i)/(l n + -- 7 --) = 

we shall have proved that 

2 (— ir^ (— l\^s)9 (^1 + ^ (wO ( — 1 1 SP (0) 

By the pimciple of paiaphrase it evidently suffices to piove (A) 
when /(la) = sinrf Expanding sin|vi + -^-g — by the 
addition theoiem we see that it is sufficient to prove, toi 
a particulai v^, that (f is a parameter) 

l|d3)sin( ^^ ^ ^ 

But this IS obvious, since to a given teim in the sum coue- 
sponds a term with ch, dg mtei changed and, foi w = 1 modi, 
dg dg ^ 1 modi, whence ( — 1 j dg) — ( — 1 [ dj) Thus the r/ 
identity is pioved This was stated by Liouville, 11th Aiticle, 
loc cit vol 4 (1859), pp 281-304 The othei main foimula(7r) 
of this Aiticle is the paraphrase of an equally obvious theta 
identity Expressing 

+ — 2?/)+ ^^(a' — 2?/)^s(^ + 2//) 

as a product, multiplying both sides of the 1 esultmg identity 
by d^i^o(y, g^'^) and dividing out by ^ 3 ( 515 ) &oi2y), 

we get 

[ 2 sp 28 o ix 2y) (!2y — a:)4- yzso (a, — 2y) ^3 (2?/ + a^)] 

= SP280 {y, y, q^>^) ^2 (x) + SP 230 (r-y,—y, q^'^) d>2 (or), 

which gives Liouvilles’s (n) as stated (the explicit foim will 
be found in Dickson’s History, loc cit) 

These examples will suffice to show that even trivial theta 
identities yield interesting lesults We have chosen known 
theoiems as illustrations to suggest the ready means of proving 
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or dispiovmg any such formula which may have been stated 
Moreovei fjom the theta identity gi\ing the algebiaic pi oof 
an indefinite number of furthei theta identities can be con- 
stiucted by multiplications, lesolutions into factois, eliminations, 
etc , fiom which additional paiaphia&es can be obtained We 
give no examples ot the specific aiithmetical theoiems vhich 
such parity identities imply upon specializing the paiitj 
functions, as we aie concerned piimaiily with geneial methods 
If no shoitei way of tiacing the theta oiigin ot a paiity 
theoiem suggests itself the following will alwajs lead to the 
equivalent identity between theta quotients Replace the 
given theorem (3 12)-(3 22) bv its special case (3 ll)-(3 31) 
Sepaiate all tiigonometiic pioducts into sums Reaiiange 
the arguments in these sums as lineai tunctions withiespect 
to the /, ^ vaiiables By^ inspection it is then easj to wiite 
downi the pioduct of thetas and y s (oi theta quotients) which 
generate these terms, on glancmg also at the paititions in- 
volved The lesultmg theta identity is then to be pio\ed 
from hist piiuciples by means of the classical i elation? between 
the functions The leveise piocess is of comse the natuial 
one — stait fiom theta identities and deduce paiaphiases In 
all such woik full lists of theta expansions aie necessaiy 
1 6 Application to class number relations We take 
space to indicate only two of the methods bi which paia- 
phrases lead to class niimbei lelations The first was pointed 
out by Liouville, see H J 5S Smith, Hf^put t on the Theoj y uj 
Numheis, Ait 136, oi Dickson’s Hoytoty, vol 3 chaptei VI 
It consists in choosmg foi /(? |) in a given paiaphiase aiising 
fiom a cosine identity its instance sp(0' ^'heie yfO = 1 oi 0 
accoi ding as \x\ = < oi h | > < This leads to identities 
concerning numbers of lepiesentations m quadratic (binaij) 
foims, at least one emimeiative function thus encounteied 
will in general involve one oi othei of the class niimbei func- 
tions F, Fi or a linear combmation of them, etc 

The second method applies those arithmetical expansions 
for theta quotients which directly involve F, Fi, G, The 
derivation of such expansions ultimately depends upon the 
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classical theoiy of binary qnadiatie foims Examples of the 
last will be found in Humbeit’s memoii cited in § 12 Assuming 
that we possess seveial such expansions we can apply pro- 
cesses similai to those of § 15 to deduce an indefinite numbei 
of paraphi ases These will involve the class numbei functions 
and parity functions By specializing the lattei we obtain 
any desiied numbei of class numbei lelations Both methods 
can be used with piofit simultaneousl5’^ An application of 
the fiist method to a given paiaphiase suggests i eductions 
in obtaining expansions useful foi the second A fiuitful 
special case oty(a|) in these connections is — 1 oi 0 
according as a, ^ 0 mod«? is tiue of false 
An extiemely prolific identity toi class numbei lelations is 
the following, due to Piofessoi J Ouspensky (lefeiences will 
be given presently) who proves it by elemental y means Eoi 
the paititioE 

m = r^~\-dd 


of the aibitiai’y constant mtegei m>0, wheie v, d, 6 aie 
integers, and v g 0, d, d > 0, he shows that 

^ [y (cZ -f <5, V, d — d) — 2 5P (d — 2 r, d-\-v, 2d — d 2 v)] 

= e (w) ^ [y (2 — /, 2 — 2 ;) 

— 5P (2 m^'- — ) 2 — y)] 

where 9 {x, y, s) is the paiity function 


5P(ir, y, 2) = /((^, 5)1 /), 


e(m) = 1 or 0 accoidmg as m is 01 is not a square, as 
before, and the sum on the right refers toy = 1, 2, , 2 — 1 

This formula can also be pioved fiom the identity 


on taking 

ttj = 


I Cti &s fs 

Os &3 Cs 

1 O2 &s Cs 


= 0 , 


,»j(2ai+y+2«), hj = ^j(2x—y — 2e), 

0 = ^j(y) 0 = 2, 3), 
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whence 

— y + 2z, q^-)0-ii‘2 / 

+ yiii . — U — 2 iJ/j (2 / -f y/ -f 2 rj, 

tiom which the theoiem follo'W's at once by jjaiaphiatjing 
The fundamental chaiactei ot the fp foimula is amplj 
demonstrated by Pi ofessoi Ouspenskj s applications Lea's mg 
class niimbeis foi a moment, we may call attention to one 
of these in anothei duection An instance of i/ .) is 
cleailj ( — 1|?) ( — l)y i) yheie if'iy, /) is the pant} 

function J(\i/ j), piovided 2 be an odd mtegei It is leadilj 
seen that the y identity gives foi this choice the following, 

— 1 + — 2;) = f(o<»( — 1)"*' — 1 /) - /), 

wheie d IS now lestiicted to be odd Bt choosing toi its 
instance //) = xy. the classical theoiem conceinmg the 
numbei of 1 epi esentations of m as a sum ot 2 squaies is 
obtained, similail} horn 4'{i, y) ^ i^y and U>(i y) ~ ///’ 
the like foi 6 squaies follows, foi 10 squares theie aie thiee 
such choices, t^y^, xy\ and so on Foi 4. 12 

squares we stait fiom othei immediate consequences of the 
fundamental foimula, and bt equally simple specializations 
obtain the numbei s ot lepi esentations The application in 
all cases pioceeds fiom the follow mg easilt pi owed lemma 
{Bulletin deV A( ademiedeh Scieiues deVURSS, 1925, pp 647-662 
where the iiioofs of the theoiems indicated abote aie gi\en 
in detail) Let Np{m) = the numhei of lepiesentation’^ of 
m hy Cl sum of x? squares, find let ©fjn) denote an ai itlimotind 
funcUon defined foi m — 0, 1, 2, Then, if <^{0) = 1, and 

— 0^ + 1)^1 = 0, V — 0, dzl, ±2, 

the sum continmng so long ns m — '> 0, tins implies 
Np{m) = ®(m) We thus have a new approach to the 
problem of enumeration of representations as sums of squares 
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Retuimng to class numbers, we can only indicate the powei 
ot Professoi Ouspensky’s identity by stating a few ot his 
apphcations Pirst, by easy specializations of ^ and com- 
bination of the results he deduces a number of i elated 
geneial foimulas, all of impoitauce in class numbei lelations 
It is an interesting exeicise to follow the evolution of these 
identities (and other of a similai kind) fiom elemental y al- 
gebiaic transfoimations of the equivalent theta identity which 
generates the geneial foimula The aiithoi then detei mines 
(by the method first used by Heimite in pioving Kioneckei’s 
class numbei lelations, indicated at the beginning of this 
section) the numbers of solutions of certain indeteiminate 
equations of the second degree when the indeteiminates aie 
linearly restiieted, foi example 

4«-4-l == d d 2 d' d' f 

wheie d, d, d', d' aie integeis >0, 2d' = dH-d + 2, and d 
is odd In the algebiaic method such lesults aie most easily 
1 cached by taking f(x\)^l oi 0 accoiding as \jl\ — c oi 
|£c|4^j wheie r >0 is a constant integei, iii the simplest 
paiaphiases deduced from Humbeit’s expansions Among the 
class number foimulas which the authoi inoves by these 
strictly elemental y methods aie the classical eight of Kioiieckei, 
those of giade 2 of Stielt]es, and those of giade 5 of Peti 
A class number i elation is said to be of giade k if in it the 
arguments of the class numbei functions deciease by integeis 
of the foim W, where the seveial h aie m aiithmetical 
progiession The first deiivations of such relations weie by 
applications of the whole machinery of the elliptic modulai 
functions, heie they aie lefeired to elementary aiithmetic 
Similai deiivations are given of lelations of the Hurwitz and 
Humbert types, and those of giade 3 of Peti, also ot Liouville’s 
Finally the lelations of giade 5 due to Gieister and Chapelon 
are obtained, and the method is capable of indefinite extension 
IncidentaUj’' many new relations are indicated in the course 
of the derivations These memous are a sti iking example 
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of the great iichness of paraphiabc^, obtainable fioni the 
elements of elliptic theta quotients Thei aie published m 
Bulletin fie VAcndemie cles Scie7i< es de VVRSS 1925^h m 
SIX memoiis 

To illustiate the second method of deducing class iiiimbei 
lelations fioin paiaphiases we take the ideiitit\ 

■0 2 O -ixyii iyQ(A) '= ^ ij ^ 

the function on the left being that whose expansion iiitioduces 
the class number functions Foi it as usual Fiu) denotes 
the numbei of odd classes of binaiy quadiatic toims id negam e 
deteiminant — we ha\e for the expansion ot the theta 
quotient on the left 

2 ^ ^ 1^2 ^ -F( — h^)cOiihj — ^ {d — ( 0's ^'1 #J 

wlieie the hist ^ extends to a = 1 5 9 13, the second 
to all odd mtegeis h^O such that a—h^^ 0 and to all 
pans (6,fl) of diiisois " 0 ot such that d^d The ex- 
pansion of the til St theta ijuotient on the light is 

4:2 (f‘- sni'a;) — 1 3 5 m — fi 1 0) 

that of the second is 

1 ^ = 3 7 11 15 i 

wheie 2 ipfeis to those dmsois d, d'>0 ot d '^uch that 
j8 — (Id, d<d The paiaphiase is theietoie 

2 Z-f (« — *’')/ (6) =Z'(<> — 

the 2 on the left lefeinng to 5 as abo^e, and those on the 
right to all positive mtegeis defined by 
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a = 2mi-\-/S2 a — dd rZCtJ, «Zi — Ur^, / 3 j 

wlieie the constant mtegei « = 1 mod 4, and JS 2 ~ S 
mod 4, all d, 6, 63 , ds, (the last necessaiilj- odd) satisfying 
these conditions being taken, y(a:) = the paiity function/ U j) 
By specializing f(x) an inhmty* ot class numbei lelations aie 
obtainable, and all these aie equivalent to the given theta 
identity The applications of the paiity consideiations le- 
gaidmg foims in §§ 6 — 11 aie paiticulaily inteiesting, but 
we need not stop to wiite out examples, seveial of which 
aie given elsewheie 

Paiaphiases involving functions of oidei m inaj be called 
M-told infinite, foi an obvious leason The above example 
IS a singly infinite class numbei 1 elation It is not difficult 
to obtain &3-fold infltiite class numbei lelations tor a = 1, 
2, 3, 4 fiom Humbeit’s expansions and Jacobi's foimulas 
Fiom all the exaraiiles given the geneial significance of the 
oiders and degiees w, &>o, «i, d, do, 6x of paiity functions 
in § 3 and its 1 elation to the theta quotients giving use to 
the lespective paiaphiases is eiudent 

APPLICATION TO THETA FUNCTIONS OV p>l ARGUMENTS, 
§§ 17-20 

17 Arithmetical expansions of the theta functions 
of arguments In one of the custom aiy notations 

foi these functions we have the expansion (foi conditions ot 
conveigency see Kiazer, LehihicJi dei Thetafnnltwnen, 01 
Harkness and Moiley, Theoiy of FimcUoub), 





LaJ 

lip 1 



= 5 exp 7r2 ^ ^ 7,5 («r + gr) (ns -f ~ gs) 

, Tip Lr=l ir=l * i 

"h 2 (w, -f- ~ Qr) (Vr + ^ 7i»)j , 

With Trs — Tatj and each of gj, hj a definite one of 0,1 
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Define u,, q,, , bj 

2«, = Vt, Ttit = n,, exp 07rr,,/4j = q, (/ = 1 p), 

[hv] = exp(-^2^b^W 

2 (7 = 12 — 1 , s = 12 p — } ) 

Then {hv\ — 0, t, — 1, — i accoiding db '^h,r, r— 0 1 2 
3 mod 4 The above expansion becomes 

2, 1 \li q[ ^ Q'J exp 'L +2 2* ^ s //, , -J ( 

I ^ >=1 ^=ls=l J 

the ^ lefeiiing to = — co to x =1 p) The 
j^’s in this aie mtegeis, the independent laiiables the 
q’b paiameteis This is the toim ot the expaiibions leqiiiied 
in arithmetic 

We shall leqniie the follo\Mng lemma whnh is pioied 
immediately on sepaiatmg hist leals and imagmaiie*? and 
obseiving that 111 a tngonometiic identiti iniohmg tn- 
gonometric piodiicts of ditteient panties all those teims haimg 
a given paiity maj be consideied mdependenth ot the lest 
111 paraphiasing, and flnallj leconibimng teinis in an obiious 
wav If 5 aie maitu imiahle'> oj^ oifJf't h nml 
() — 1, , t) me t integial lalues of «f then tf 

t 

(17 1) ^aj exp [/ (Sj .-)] = 0 

ts (in identity in c. iiheie the fij me lutionid niimhei^ ot 
comqdex numhei s of the foim aheie hj (j toe luitonnl 

nunibeis, the identity implies 

^jCij cos — 0, ^jCfj sin = 0 
and hence it implies 
(17 2; 'EjttJih) = 

wlieie f{z) takes a, single definite value foi all integial tallies 
of the matiic vaiiahle z of ord&r Uj and other imse is entiidy 
arbitrary Thus identities of the form (17 1) lead to aiith- 
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metical theoiems coiiceiiung functions wholly arbitiaiy except 
as to unifoimity foi all sets of integral values of then n in- 
dependent variables 

1 8 Quasi even and odd arithmetical functions 
When seveial [liv\ aie consideied simultaneously we wiite 

- [Ttir , /ii» >*>) , , -=^ Pjj , 

and the value of [7iyv,] is 1, i, —1, — i accoiding a‘5 the sum 
lust wiitten IS 1= 0, 1, 2, 3 mod 4 In what follows each of 

f/j^f = Ij , ~ 1, 2, 3, , 2^35) 

denotes a definite one of 0, 1 , each njt is an mtegei (positive, 
zero 01 negative), Vj^ = 2wj, +^ 7 ^^ The [IhVt] aie multiplied 
accoiding to 
[7<, Vi\ [/is Vs] 

— [7ilf Vi, -f 72 is*'1s, h>i Vir-j- 7i2>3'2s, , 7ij» Vpt ~1“ /ijJs 

The cJuuade) isfic 

(181) rfi^^rf’f’ M 

L7i> J L7ji»* 7^2} 7ij,,J 

IS called eve^i 01 odd accoiding as ^ (/jt IS even or odd 

2=1 

From the (; == 1, , jj) and then pioducts Vjr Vkt 

( 7 , 7t — 1 , , p,j 4/0 we constiuct the function 


[Ih V,] L(Vx,, Vij, , Vpj, Vi, J'2,, , Vi, Vpj, Vi, J’3,, , Vp^x , Vpr) 

wheie L 2 l. function of 2 >( 7 ; + lV2 aiguments which takes 
a single definite value foi each set of integial values of all 
its arguments, and which otheiwise is aibitiaiy The pioduct 
[lirVr]L{ ) just wiitten will be abbieviated to eithei of the 
forms 

(18 2) ^[tV' 

as convenient This function has by definition the ihay att&i^siic 
(18 1) and l(yr) is called quasi even or quasi odd according 
as its charactenstic is even or odd The function obtained 
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from a quasi even 2 {vr) on replacing each of the fiist 
arguments in L by zeio is denoted by eithei ot 

(18 3 ) 

and IS called a qiiasi constant By the usual theoij of theta 
characteiistics (which can be transposed verbatim to these 
functions) we see that theie aie piecisely (2^ + 1) quasi 
even and hence the same number of quasi constants, 

and 2^“^ (22* — lJoddf(j^,) The paiaphiase of identities 
between thetas in 2? ai gum ents leads to aiithmetical theoienis 
conceinmg functions (18 2), (18 3) foi sets ot integi al values 
of the arguments obtained fiom the simultaneous solutions ot 
a set of indeteiminate equations 

19 Products I, ) The paiaphiases letei to ceitain 
products, in a technical sense, next defined Let f > 1, 
T > 0 be constant integeis and n, (? = 1 p) aibitian 


constant integeis >0 

Foi the v,j as 

alieady dehned fon- 

sider the set of all (mtegial) solutions v 

rj ot the p equations 

(19 1) 

f+T 

(} = 1 p) 

III 

QQ 

J — 1 

t 

cc, ^ 2^’jr 

(1=12 p> 

;=i 

/t-T 

2 = 1 

2 = 1 

{ 9=1 ,p — 1 

, s' = 1 , 2 p — >1 


and foi each solution of the system (19 U constiuct the 
function 

» Ajpi ^23} l,p) 


Take the sum of all values of the last ovei all (neeessaiilj 
finite in numbei) solutions of (19 1) and denote it bj 

(n, ) 1 1 iyx) I (>/2) I iyt) X (vt+i) X (>'*+2) X (vf^) 

We call this the Z, X product, or simply the product of 

ij — , t, Ti ~ ,f + '*^) 
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Such multiplication is commutative If the paiaineters 
(nt) = ( 7 ^l, n2 , Ujj) aie undei stood we omit the and 
wiite 

^ ZC^i) ^ (pf) A 

li T = 0 the fact 01 is ^ die absent Clearly ^(r) is uniquely 
detei mined by (jir) and the chaiacteiistics 



of the /{p,), y W lespectively Hence if pieteiied A{v) may 
be consideied as a function of (7it) and these chaiacteiistics 
In deteinunuig the degiee of a pioduct^(v) we tieat the 
quasi constants as absolute constants The degiee of A{p) 
as above is theiefoie t Hence a lineai homogeneous i elation 
between pioducts of degiee i is defined 
20 Abstract identity of the theory of the fold 
thetas and that of I, ) products Let 

(201) 

J=0 

be a homogeneous lineai i elation between pioducts of degiee t, 
and let the characteiistics ot the I, A ni be 

(20 2 ) (>= 1 , 2 , ,(, y = 0,l, ,») 

Considei the theta functions of p aiguments v, having the 
chaiacteiistics (20 2) and in the last r of these put y, = 0 
(r = 1, , jj) Denote the (common algebraic) product of 

the t theta functions and % theta constants thus obtained 
by Qj{v) Then (20 1) implies 

(20 3) = fi, 

j=o 

and conversely, (20 3) implies (20 1) 

Foi, from pieceding sections, it is easily seen that the 
result of equatmg to zeio the coefficient of gj* g”’ in 
(20 3) IS the special case of (20 1) in which each function L 
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IS leplaced by the exponentidl function ot / (== (— 1^-) times 
the scalai piodiict of the aignment of L and the matiix ot 
order jp (p + l)/2 whose elements aie t's s m §17 B3 
the lemma in § 17 the conveise above ^stated folloTss, tiom 
the converse follows the exponential toim ot the theoiem 
and thence, by multiplying by q/ and summing with 

lespect to ?Zi, ih, , w^e get (20 3) 

Hence m (my identity hetumi theta jnodiuU (such as, toi 
example, the classical biqiiadiatic lelations) the theta pi od nth 
may he leplaied h\j > piodiuts haimy the same n'^pntiif 
(JKuacteiistKS ns the thetas, all piodmts heiwf tnlenoin 
the same (11,) 

Thus the algebiaic pait of the theoiy of the thetas is 
equivalent to sets of identities between aibitiau single \ allied 
tuiictions of iiitegeis satisfying sets ot indetei inmate equations 
ot the second degiee The pseudo peiiodicity tan easih be 
tiaced to the tiansfoimations which such identities imdiugo 
when the numbers of odd eien vaiiable integeis m the sets 
of equations aie changed By means ot the paiiti touns 
developed in §§ 6^11 the set ot indetei inmate equatllul^ ot 
the seiond degiee can be leplaced bi etjuatinii'' ot lulutuny 
degiees, 01 such extensions can be leachrd diieith by im- 
posing on the aibitiaiy functions in (20 1) the i oiiditioii that 
they shall vanish except when one 01 moie ot then aiguments 
aie integeis lepiesentable m any pieawgiied toims and 
similaily foi othei aiithmetical lestiictioiis, as toi example, 
that the functions shall vanish toi mtegial aiguments that 
are lesidues of assigned poweis This does not ot (oiiise 
peimit us to leplace (191) by a set ot conditions gnen at 
landom, the mannei m Avhich (191) still dominates (201) 
even wdien (19 1) is replaced by a set of equations ot degiee 
>2 wull be evident on woiking thiough any special case, 
say that of the thetas of 2 aiguments 



CHAPTER IV 

APPLICATIONS OF THE ALGEBRAS (i, S) 
ALGEBRA §§ 1-9 

I Scope of E What follows is a short introduction to 
an extensive branch of algebraic arithmetic, namely to its 
multiplicative aspect In this the algebra a species of 
resultant of S, 2), plays the cential pait, ® is an algebia 
of unique multiplicative decomposition The basic^ concept 
is that of composition of matiices Although addition and 
subti action are defined in (S, and are abstractly identical 
with the like in St, they are of less mterest than multiplication 
and division and then detailed development may be omitted 
Multiplication and division in © will be placed in (1,1) 
coiiespondence •vnth the multlplieative pioperties of functions 
of two independent variables in St From lelations between 
such functions we infer without computations lelations between 
functions of any elements foi which unique factoiization 
subsists Wken the functions in St aie lestncted to be rational 
and mtegial the coirespondence gives an arithmetic in (£ 
abstractly identical with lational arithmetic As (£ oi its 
special arithmetic has great power ovei the algebra ot the 
gieat mass of existing arithmetical functions, and as it is also 
extremely effective in devismg new functions and classifying 
their algebiaic propeities, we shall state its processes in 
detail From this seveial possible generalizations will be 
apparent, paiticularlv to the properties of sets of functions 
of elements for ivhich the fundamental theoiem of aiithmetic 
holds The initial treatment is abstract, as @ has been con- 
structed to include a wide lange of existing algebraic i elations 
between anthmetical functions and to make possible indefinite 
extensions in similai or essentially new dnections 
3 Composites Let (; = 0, 1, ) be a set of ma- 

tnces, finite or infinite m numbei, each of finite or infinite 
112 
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order, whose elements belong to a commutative semigroup 0 
having a unity Then if each element of fio is the product m 0 
of one and only one element from each of = 1 , 2, ), 

juo IS called a comjposite of fii, Such a composite is 

uniquely determined only when the law of selection of ele- 
ments fiom the fih to be multiplied together to produce 
elements of l^o is specified The algebra 6 is defined bj’ such 
a law when (and only when) all of the matiices fij aie of 
infinite order 

The following theory can be geneialized at once to any 
set of elements closed undei any opeiation which generates 
from any pan of elements of the set a unique element in 
the set Composites aie then defined with lespect to this 
operation which replaces multiplication in 0 Thus, tor 
example, there is a theoiy of additive composition of matrices 
whose elements belong to a module or to a famte field 
3 . Primary and derived matrices Let s be any 
matrix in 0 of infinite ordei, 

(3 1) s = (*?!, Si, ) 

whose first element Si is the unity in 0 , so that SiSw = fn 
(n = 1, 2, ) Let be the nth lational piime, 1 being 

counted the first, = 1, Pi = 2, jjs — 3, = 5 

In (3 1) make the following change in notation 

(3 2) Sj — oTp^ {j = 2, ) 

and write 

(3 3) £C = (a?i, X 2 Xzj OTa, Xiy iCii, Xta, ^ 17 , ), 

so that X — s, and Xk is an element of x only if A is piime 
We call X the •giimaiy foym of s Any matrix in © vith 
first element the umty m © can be written m primaiy form, 
Por distinct matrices s, ? , in © we may use different new 
variables x, y, (with piime suffixes) 

Let a, h, , c be 1 ational integers ^ 0, and let Xaj x^, , Xy 

be distinct elements of x in (3 3) Then «, yd, , y are 

8 
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distinct primes ^1 Iffl = 6= =c = Owe define 
cc® £Cy to be the unity in 0, so that the value of this 
product IS Si = xi Let each of a, , c be now a rational 
integer > 0, and a, /J, , r distinct prunes > 1, and let 

(3 4) n — 

be the lesolution of w> 1 into poweis of distinct primes > 1. 
Then we define the element £&» of 0 by 

(3 5) = XaX^ Xyj — s^. 

Hence Xm (m ^ 1) is a uniquely defined element of 0, and 
the jD matrix 

(3 6) X = Xjjj Xg) x^f f X/jf ) 

in 0 has as elements all products in 0 of positive integral 
powers in 0 of elements of the original sin (3 1), moieover 
the first element of x' is the unity in 0, and x^ is a uniform 
function in 0 of s We shall call x' in (3 6) the derived 
maty IX of the piimaiy a? m (3 3) 

We have therefore defined in any commutative semigroup 0 
having a unity the primary and deiived matrices (3 3), (3 6) 
of any given matiix (3 1) whose fiist element is the unity m 
Taking now x' as the given matrix in 0 we can form its 
pnmaiy, and from the latter, by foiming the deiived matrix, 
we obtain the second denved matrix x" of the primay a;, 
and so on indefinitely In what follows we shall attend only 
to a, x' 

Addition in © is without meaning We next construct 
from all the elements of 0 matrices of functions, on the 
hypothesis that a certam img of such functions exists 
4 The modified rmg SUfir of 0 A set 2' of elements 
is said to form a modified ring if (1) -S' is a rmg, and (2) 
in -S' there exists an element havmg with respect to multi- 
phcahon the properties of unily 

Consider now the set -S of aU primary matrices and their 
(first) denved matrices in © Let w be any one of the 



APPLICATIONS OP THE ALGEBRAS G, S) 115 

piimaiies, and let Ha be any element of it. so that « ^ 1 
IS prime We shall now assume that the set of all symbols 

ya(tta), gaiuc^, ha{n\^y (fl = 0, 1, , a piime ^1) 

ate the elements of a modified ting, 9ls, in uJucJi each of 

faO^a), ffoiua), hoiuct), Capiime^l) 

denotes the unity, and in nhicli addition, multi yin niton, atid 
chiision by the unity, ate indicated ns in For example 
Ja(ita) ya^uti) denotes the pioduet in Sfts of Ja(iLa) and 
ya {ita) 

Division in ffts iss defined onlj (by the above; when the 
diMSoi IS a piodiict of poweis of the unity in 9fls It is not 
assumed that multiplication in 91s has the same mtei pi etation 
as in 0, in geiieial the inteipietations will be distinct By the 
definition of a iing it follows that each ot Ja {a a), ya(u a), 
is a unifoim function of u We shall letei to the Jaiua), 
c/a(ua), as uni^otm Junctions 

Fiom 91s select the set ot all unitoim tiiii< tions ha\mg 
as aiguments a paiticular say o$, wheie (Jr I is piime 
Aiiange these functions in any wav into matiices in eadi 
oj lihich the fit st element is the unity in 91s Without loss 
of geneiality w^e may assume all these now to be C’ matiices 
Let 

(41; fs ^ iJoUJ) Ji(xs), .Jnitd)^ ) 

be any one of them Then /j is called the ytimaty mabix 
in’Sks U'lth base (fo^Jt ,Jn^ ) and at gmnent a.^ Fiom 
the definition (see the remaiks on functions, chaptei I § 8; 
it follows that fs IS a umfoim function of its aigument and 
base, for when ccj and the base are assigned, fg is uniq^uely 
known 

Keeping the base of fs fixed and letting d range over all 
primes u, fi, y, , d, , >1, we obtain the set 

(4 2 ) fatfpifyi ifdi 

8 * 
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of all primal y matrices m Sts having the given base 

Each element of is of the form wheie ^ ^ 0 is 

an integer and 6>1 is prime To define fjixn), wheie n is 
either piime oi composite, we note that 

(4 3) fa iXa) fb (x^) fe (Xy) 

is in Sfts With n as in (3 4) we wTite the uniquelj^ de- 
termined element (4 3) of 3ls m eithei of the toims /^(n), 
fn(x), so that 

(4 4) fr (n) = fn (x) ^ fa (xj fb (x^) fc (xy) (n > 1) , 

and to confoim with this we write 

(4 5) /cc (1) ^ /i (x) “ /o (xs) 

Hence (4 4), (4 5) define fx(n) = fjx) foi evei;^ integei 
n>0, and the set of all (r) (^ = 1, 2, ) uniquely 

determines the D matrix 

(4 6) y = (jffx),Mx), ) = (/«,(!}, /a,(2), ), 

which we call the dented mabix in with the base 
(/oj/if (see (41)), and the maUic aigiiment as in (3 6) 
Algebra ® is concerned with the laws of combination of 
derived matrices in fRs having the same matiic aigument x’ 
and any bases One extension of © discusses the like when 
the arguments are not necessaiily the same 

5 IS? composition Consider the elements /a:(w) =/»(«;) 
of the derived matrix (4 6) and suppose w>l, so thatya;(w) 
may be taken as in (4 3) with w as in (3 4) Then each 
of the primanes 

fd = {Mxs)i ft (x^), ) (d = a, ,r) 

contributes precisely one factor to fx{n)^ the respective 
faetois being fa (a;„), fb{xf)f , fdxy) and each primary/^, 
with Q diffeient from each of «, /d, , contributes as 
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faetoi to fx{n) its fiist element only, the last being 

the unity in 31s Smite f tn {A Q) is a sjppcijii composite ^ 
which we shall call the S coynposite, of the set (4 2) of all 
piimaiy mat) ices in 3ls hating the base (fojfi, ,Jn, ), 
and we shall write 

(5 1) / = (/i(a-), f,(x), , fn(x). ) = Eifs), 

or in full, 

(5 2) ^Msc), hix), ) 

= E(fa{xs\ fx(Xi), , fnixg), ), 

where <5 denotes the particulai general piime>l It mav 
be anticipated that abstiactly E composition is a multi- 
plication as d langes ovei all piimes>l, and this 'we shall 
see IS the case The base, we lecall, of the C matiix on 
the light of (5 2) is (/o, /j, fn, ) Let 

(Aoi Ai, , Am, ) [h—fq, , h) 

be a set of bases, not necessaiily distinct Then, as in (5 1) 
we wiite the E composites 

(5 21) f -- Eifs), g ^ E{gs), , h “ E(h^), 

and, as m (41), the pi manes 

(o3) A^ -- (Ao(x<y), Ai(a:j), , Am(^^), ), 

(A = /, <7, h) 

Take the C pioduct (see chapter I, §§ 17,20) of all the 
hs m (5 3), 

(5 4) Ks = -Pcj/ej, qe, > M = (-^o(a?a), )< 

and note that the same argument xs occurs in all the factois 
/a? 9di 1 of this product The multiplications and 
additions by which the elements Kn(xg) (n — 0,1, ) of 

Ks in (5 4) are generated from those of (5 3) are in 31sj the 
indicated C product Pc in (5 4) is C multiplication with re- 
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spect to SRs. The notation is consistent with what pie- 
cedes, since each element of the C product is a unifoim 
function in Sfls with the single argument xs, and hy the 
definitions = the unity in SRsf 

Hence is a primaiy matiix: m SRs and therefoie we may 
form its (S composite E{K^j say 

(5 5) = EiPcifs, 9s, , hs)) 

Observing now that /, , 7^ by (5 21) aie composites, 

and noticing by (5 2) that an E composite is a D matiix, 
we can form the D pioduct of the E composites g, , lu 
say K’, 

(5 6) X! ~ PB{f, g, , h) = {X[{x), Xkir), ) 

Hrom the defimtions now follows at once the extiemelj'- 
useful consequence 
(5 7) X' = X 

01 , indicating the opeiations moie fully, ve have 

(5 8) Fn{E(M Eigg), , Eiji^)) = E{Po{fs, ge, h)) 

6 The four fundamental operations in (g We can 
now summaiize © in concise foim The elemmts of © aie 
all the derived matrices of with the same matiic aigu- 
ment x' (see (4 6)) 

If ^ are any elements of ©, 

f ^ ifu{x), fi{x)j ), g ^ {gdx), gfi{x), ), 

their E mm^ ^ ntten f-\-g, is defined to be identical with 
then jD sum, that is, 

/+ g = if X (gc ) + /g ix) + g^ {x\ ) , 

E product f g is identical with then D pioduct, and the 
unity, 37, m J? is the derived sequence 
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V = iVonil), Vxi2^, ) ~ (iliix), ) 

in SR; wlieie 'ijxin) ifc> defined by 

Vxil) = the unity in SR 5 , 

^x(n) — tbe zero in SRs, « !> 1 

Hence it follows that -E subti action and dnision are the cone- 
sponding D operations 

Algebia ® is ili&refo->e the in^tame of nlgehm 55 in uhuh 
the elements me the set of all denied mat) ices oj SR 5 uiih 
the same aigumentx' togethe) iviiJi the D sums aiul difeyeiuts 
of these matrices 

The specific charactei of which distinguishei> it tiom 
othei instances of 5), lesides in (£ composition, -whereby any 
element of (£ is decomposed (as m (5 2)) into an infinite 
number of piimary factois, the fundamental theoiem is con- 
tained in (5 8 ) 

7 The algorithm of ® Since S is an instance ot T 
w^e may leplace opeiations upon elements (mati ices) of © bj 
abstiactly identical opeiations upon theu D associated func- 
tions Incidentally this at once suggests an w-fold generali- 
zation of G 

By a mere change in notation, leplacing the letteis s s bj 

t wherever they occui in § 3, we obtain fiom an initial 
matiix r ~ (?i, 93 ; ) in 0 its deiived t = {ti #>, f,*, ^ 

corresponding to (3 6 ) Hence t^ d any 

piime Piecisely as in 5) we treat the elements of t as 
pararaeteis 

Take as the JD associated function /^(<) of the piimaiy/<y 
in (4 1) 

(7 1) 

Then, since f fy foi n as in (3 4), we see fiom 
(5 1) that 
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the 11(5 indicating the D pioduet as d luns through all prunes 
> 1 Either the product on the left of (7 2) or the sum on 
the right may be taken as the associated function in © of 
(5 1), for if the left be distributed and leananged with respect 
to the parameteis in(n = 1, 2, ), as prescribed by S>, we 

get the light identically 

The function associated with the C product in (5 4) is 

in which, by the definition of C multiplication, 

(7 4) X„ (x^) = 2 fa ffb {xs) he {xs ) , 

the 2 lefemng to all sets of integers a, h, , c each ^0 
whose sum is n. 

With the D product K' in (5 6) is associated 

{27 infnix)} 127 ffriix)} [27 hn(x)} 

= ^0 

where, by the definition of D multiplication, 

(7 6) K^io!) = 2/p(®) M(^) 

the 2 referrmg to all sets of integeis pj q , I each ^ 1 
whose product is n 

It follows now from (7 2) that 

(■f 4 -KwM =zr in 

the sign of equality having the significance explained m 
connection with D associated functions after distribution of 
the left and learrangement with respect to the parameters, 
the coefficient of tn on the left is equal to that of tn on 
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the right Thus (1 7) is merely the formal equivalent, m 

terms of associated functions, of the matnc equality (5 8) 

8 Generators We shall now replace multiplication and 
division in ® by abstractly identical operations upon functions 
of two variables ^ in 31 

Let t, § be parameteis in 31, and lecall that the zero, 

unity in 31 aie written 0, 1, also that sums, pioduets, etc , 

aie written without special notations, thus ^ + etc 

In the typical factor 

27 4fn(xd) 

of the product in (7 2) leplace by t, by and all 
operations in fRs by the eoiiespondmg operations in 31, so 
that 

(8 1) FH €) = 2r 

is a function in 31 By convention we assign to /o(^) the 
value 1 (= the unity in 31), and call i) the genet atot 
of the deiived matiix 

(4 6) / = (/i (a), /g (a) , /« U ) ) 

ill The following 

(8 2) F{t,i)rf, 01 F r J, 

will be read “F(,t, i) geneiates /’ 

If ^ r / and G r g define the generatois F, G to 
be equal, F — G, only when f=g It follows that F—G 
implies the equality (m 31), (/o(^), /i (-), 7 ) 

= {9q(§)7 9x^^)7 ) 

Let /, 9 , , h, be the set of all derived matrices in 

3ls having the same argument, their respective geneiators 
aie F{t, ^), (?(f, F), , Hif, I), Then, with lespect 

to C multiplication the set of all geneiators F, G, , S 
is an abehan group ® 

Denoting multiplication in ® by juxtaposition, thus 
FG JS, we see that FG H generates the E product 
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fg h, and 'if F~'^ he the mvetse of F zn th&n 
F~^ r /-i, wheie f~^ ~ r] If zs the E zecipzacal of f 
Fence the pnoperttes of elements of © ivzth reject to mul- 
tiplication ate implied hy the hike fot and may he written 
dovm thereftom hy zeplatnng the symbol of each genet atoi hy 
the derived mattix in SRs which it genet ates 

In applying tlie last theoiem it is necessary to have a short 
way of getting the derived matrix f geneiated by a given 
Fiit, t) and also of constiuctmg the generator Fit, i) of 
a given/ For the fiist it is sufficient to deteimine //a;) 
when Fit, i) is knovTi Write 

(,8 3 ) fn (oc) = fa (x„) fb (gcp) f iXy ) , 

where (as before) n = o« is the resolution of n into 

piime factors Since F (t, I) is given, so also is the explicit 
foim of fn i§) 111 fn i^) put (n, = (a, Xa), , (c, Xy) and 

get fa [xcc), ) fcixy), and hence /» (a;) Conveisely, to find 
F{t, §) horn (8 3), leplace (a, Xa) in fa (xa) by {n, i), multiply 
the lesulting /n (fj by t’^ and sum foi n — 0 to oo , then 
F it f^fn ii) Note that theft st t&t m oj- any genet atoi 

IS the unity, 1 , in 21 

9 Arithmetic m © The deiived matrix f is said 
to be algebraic or tt anscmd&ntal in © accoiding as its 
geneiator F (t, is an algebraic or a transcendental function 
of t, ^ in 2C, and the corresponding geneiatois aie similarly 
named To include numerous special theoiies we nowhame 
a definition of fundamental domains 
Let the / (?) (y = Ij , n) be algebraic functions in 2t, 
where w is a fimte integer > 0 Then 

F it, = 1 + tfr (?) + + t^fn (?) 

IS a polynomial in t and F it, ?) is an algebraic generator 
Let c 4= 0 be in 2t Then the algebi aic function F it, ^) + <? 
in 21 is not a geneiatoi, since the term independent of t is 
+ l(the unity in 2t) An algebraic generatoi, such as the 
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above ^), whicb is a polynomial in t is fundammtah 
The essential point in this definition is the finiteness of the 
degree in t The set of all fiindammtal gen&atois %s dosed 
under nvulUflication m 9t 

Let F{t, €) be any fundamental geneiator Then if Fiji, I) 
IS the product in Si of fundamental geneiatois with coefficients 
in the domain F, the generatoi is said to be lediinhle in V, 
otherwise ly reducible 

Suppose now that each fundamental geneiatoi is the pioduct 
in 91 of fundamental generators meducible in r m one vay 
only, apart fiom pei mutations of the factois Then V i:s called 
a fundamental domain In what follows it is assumed that 
such a V exists An instance is the domain of lational 
integers foi the special and impoitant case in vhich the 
generatoi s aie polynomials in both § and t 

ItF r f then l/F P f, where f = ^//, the lecipiocal 
m ® of ^ being the unity in (£ \i F is fundamental, f is 
called fundamentals and iy// the fetqnotal of /, both f and 
vilf aie called gt me 0 / tomjyosiie in (E accoiding as F is 
irreducible or reducible Since rig — wheie g is an\ 
element of (£, unit factois vj me disiegaided, and the like 
IS to hold in what follows 

A generator O obtained fiom a finite numbei of fundamental 
generatoi s by a finite number of multiplications and diiisioiis 
(in 21) will be called lahoyial, -d G P g, then g is called 
yaUonal in ® 

The set 0 / all national denied mah ices in (£ is an abelian 
gioujp, say ©j;, imdei E midtijdication 

UF P f we define /»* by F^ P /% and cleaily P 
where f ^ ri If Let F = be the lesolution 

(in V) of the fundamental generatoi F into a product of 
p 0 wers of distmct u 1 educible fundamental generatoi sG,E, ,K 
Note that /’* as ]ust defined is the D pioduct of i derived 
matrices (in ©) each equal to f The D product of several 
such poweis if, h^, , of derived matrices wiU be indicated 

by juxtaposition, g’^ 1^ so that the last is an element 

of (B and (see § 6) is indeed the E product of the ath, 
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Ifth, , tth powers g, h, , A. in (£ Foi ^ K as above, 
it follows that if 

F r f, o r g, s r h, , k r i, 

then 

f = g^Jlb 7,c, rilf=7il(]h A, 

and fuithei that these resolutions aie unique We shall 
abbreviate the E pioduct of y and njjg to fJ g 

A generatoi F obtained from a finite number of funda- 
mental generators by a finite number of multiplications will 
be called miegial^ ^ F T f then / is called an integral 
element in % and / is piime or composite in V Hence we 
see that any integral f in ^ is the pr oduct of prime integral 
elements in S in one way only (apait fiom pei mutations of 
the factors), al&o that the reciprocal of the integral element 
f in (£ IS umquely the product of reciprocals of prime integral 
elements in S Hence any element of ® ivhose generator is in 
has (apait from poweis of the umt ij) a unique resolution 
of the for m 

iPll^m^ rf, 

iihere q, h, , A, I, m, , n are pr ime elements in and 
the erjronents are integers >0 
Foi convenience w^e define = rj, w'heie f is any ele- 
ment of (£ The above shows merely one kind of arithmetic 
that can be obtained from (£ Primes and irreducibility can 
obviously be defined in many othei ways to yield in ® 
the fundamental theorem of anthmetic The above was se- 
lected because of its immediate apiilicability to the coordi- 
nation and extension of the algebraic pioperties of a large 
body of existing arithmetical functions, as will be briefly 
indicated in the following sections 

THE VAEIETY OF g, § 10-12 
lo Simplifications of ® for rational tntegrers To 
apply ® to functions of rational integeis take Xp = p (p any 
pnme) in (3 2), and hence — w m (3 5) and every wheie 
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in @ This deteimmes a vanety, which m e shall denote by 
of (£ There is still a wide choice in the definition of 
fxiyt) ^ fnix) of (4 4) in The following will suffice 
foi purposes of lUu&tration Since now = p for p piime 
we take 

fn{xp) E=/„(p) {p piime> 1, « = 0, 1, ) 

and (see § 4), {p) — 1 Foi this choice (4 4) now defines 

the function /a; (m) = /(7^) in Q,, 

fcO'), /(I) = 1, 

where n = aP ' is as before the lesolution of n>l 
into primes In §§ 7, 8 we now have == ^ 
piime>l), and (7 2) becomes 

n<» 0 + Zt (<5)] = Zt f <«) 

m which, to obtain the coiiesponding geneiatoi, ve leplace 
d by ^ and by t The generating identity becomes 

Fit, 0 r f, Fit, S) ^i+Zt *» MS), 

and the specific forms of the fn{^) aie still at oui disposal 
Before specializing we intioduce some simplifications appio- 
priate to 

As a woiking device we note fiist that by the definition 
of matric equality, 

(/(I), /(2), , /(w), ) = (y(l), (7(2), 9{n), ), 

which states the equality of deiived matiices m corres- 
ponding to those defined in © by (4 6), is equivalent to 

/(n) = p(w) (n = 1, 2, ) 

In the last we may diop the reference to the range 1, 2, 
of n, wiite simply /(w) =^(n), and understand by this the 
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implied matric equality in @r Hence the equality /= gh k 
in Sr IS equivalent to 

fin) = PD{ 9 {n)fhin), ^kin)), 

and this in full ( on supplying the definition of the D product 
indicated) is 

/ in) = 2 W kidi) I ids) , 

the 2 refeiiing to all sets idt, ds, , ds) of integers 
du fZs, f ds each >0 whose product is w, where s = the 
number of functions gj h, jk 

The unity in Sr is where ijin) = 1 oi 0 accoiding as 
% = 1 or w>l If / IS any element of S,, vf — f) 
product and the equality having the meanings ]ust explained, 
the lecipiocal f' of f is uniquely defined by //' = ^ 

To write down the generatoi of fin) we have in any 
given instance the specific foims of the functions 

faiif), (i)piime>l, a = 0, 1, ), 

wnth/oOi) = 1, and hence fiom the lesolution n = 
we get by the definition of fin), 

f in) = f aid) fb (/8) fch'), 

whence, from the piopeities of the parameters in m S) 
we have 

on observing that tn == ^ ^ noting the coefficient 

of tn in the distributed form of the left, so that, replacing 
itd ^); get the required generator 

F{t,?) = l+ZTr/nfS) 

Conversely, from this generator, reversing the steps just out> 
lined, we find the firi) generated by F{t, We have 
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insisted on these extiemely simple details because the appli- 
cations of involve nothing moie complicated 

The specialization of the above in which the Jn ii) 

— ) aie polynomials m or in ^vhich all but 

a finite number of them vamsh identically and the lest are 
polynomials, cover practically all of the important anth- 
metical functions m the liteiatme of unique factoiization in 
1 ational ai ithmetic The following shoi t selection v ill illusti ate 
operations in and piepare the way for the statement of 
a geneialization of ® 

1 1 Certain functions in The most immediate appb- 
cations of are to the extensive liteiature summaiized in 
Dickson’s Histoiy, vol I, chapteis Y, X, XIX, and to func- 
tions of [x\ the greatest integei < / (this ^section of ai ithmetic 
has not been lepoited in the published paits of the Huxtoiy) 
These applications concein lelations between functions of 
diMsors, the inveision of such lelations and of senes gene- 
lalizations of Eulei’s y function and otheis immencal integials 
and deiivatives (these aie meiely a ven special case of 
multiplication and division in (Ir and ha^e no chaiacteiistic 
piopeities which distinguish themfiom othei similai opeiations 
in ©,), and many similar topics, the majoiity ot which 
1 educes to a simple, coheient system abstiactly identical with 
the simplest paits of 31 We need give only enough to illu- 
sti ate the use of generators The notation is as m ^ 10 
Unless othei wise stated piime shall mean piime > 1 and the 
functions considered exist only tor integial "values of 
their aiguments By wth powei is meant the nth power of 
an integer > 0 

If nij n are copiime mtegeis >0 and f{mn) — /(7n}/(w), 
/ IS called factor cible The examples in this paragraph aie 
confined to factorable functions If w is dmsible by no 
squaie > 1 it is called simple Any integei w > 1 has a muque 
resolution into a product of copnme simple numbers whose 
exponents are distmct, w = P® where P, Q, , P 

are simple and copnme, and & > > c Jin —p^^ Pg‘ 

IS the resolution of n mto powers of distmct prunes, we call 
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(aftei Sylvestei) ^ (n) ^ at a 2 the mxilU'j^hcity 
of 72 , and /(n) = s the manifoldness of n Hence X{n), yin) 
are respectively the total number, and the number of distinct 
piimes that divide 72 A great many of the arithmetical 
functions in the literature are special cases o± the following, 
or are piodiicts in of positive or negative mtegial poweis 
of it 

(11 1) ^( 72 , u, &, c) — 0 

if 72 IS not the &th power of a simple numbei , in the contraiy 
case the value of the fimction is 72 “'^ Fiom this definition 
we write down its generatoi, 

(11 2j ri + c#“^^) r ilfCn,a,h,c) 

and hence that of its reciprocal 

(11 3) (l + c^ r a, 1), c) 

The verbal definition of is read off from the expansion 

1 _ t c8 + 

of the generator, and is 
(11 4) a, &, t) == 0 

if 71 IS not the &th power of an integei (not necessaiily 
simple;, in the contiary case the function has the value 
(— 72 "/®, where m == If s is an integer < 0 we 

indicate the sth power in (£r of as in (11 1) by wilting 
a 1). c) and so in all like cases Hence 

^^*( 72 , fl, &, e) = a, &, c) 

From the definition of reciprocals m (£r we have 

(11 5) a, h, c), ^“^( 72 , a, 6, c)) = 17 ( 77 ), 

since the generators of ^~*aie the reciprocals (1+c?®^*')®, 
(1-f m ^ In full (11 5) states that 
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= Tjin) 

the summation extending to all pans (d d) of dnisoiN each 
>0 of 01 such that dd == n The ahhieviated foim ot (11 5) 

IS == tj 

To see that and its poxveis in (tr contain mam ot the 
known arithmetical functions -ne fiist specialize as tollo\\s 
defining six subcases 

(11 6) ip{oi^ u, &j) ^ tijj, — 1) — 0 it n is not the 

7jth powei of a simple numbei and othel^^lse = dz 
accoidmg as the mamtoldnebs ot is e\en oi odd 
(11 7) a, h) = 0 01 accoidmg as n is oi is not 

a 7jth powei 

(118) ^ ^P{n,aJA, = 0 oi n" '' accoidmg as n 

is not 01 IS the Atli powei ot a simple nunibei 
(11 9) /“^(«, ft h) = 0 if n is not a hth pmiei and othei- 
^Mse accoidmg as the multiplicity ot )d*' is 

even oi odd 

(11 10) ^(n, ft, h) ~ ^P{n^ 0, h, n) =■ 0 oi n' accoidmg 
as n is not oi is the &th povei ot a simple numbei 
(11 ll)C“^(n, n, h) — 0 it n is not a hth povei and m the 
coiitiaiv case m - - accoidmg as the 

multiplicity ot ni is even oi odd 
The geiieiatois aie wiitten dovn fiom these definitions oi 
at once tiom (112), (113) 

(!—§•<' r j/S (1 — r 

( 1112 ) (H-^«f") r 7, (14-!?"^’'-^ r y-i 

r t (l+rc^'^r-i r 

the second column being of comse supei’fluous — it is included 
meiely foi ease in venf;ying the special cases given pieseiitlv 
To illustiate in passing one way in w^ich geneiatois aie 
used, we have as the eqmvalent, in of the identit}" 

X—^2af2a = (l— ^«f«') (1+ ^-« ^) 

in 21 the following, 

PjD a, b), x{n, a, b)) = 2fl, 2b) 
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Paiticulaiizmg tliese again, and mtioducing the custoraaiy 
notations foi such ot the functions as are current, we write 
= 0 it 71 is not simple, otheiwise 1 oi — 1 accoiding 
as the mamf oldness of «is even oi odd (Mohiiis’ function), 
^ which exists only when 7i is an r^th 

powei , 

A, (w) = 1 01 0 aeeoidmg as n is oi is not an jth power, 
71, (n) ^ 7i\ defined foi all leal values of n, and 
^ uii 2 iu) and similarly for liighei loots than 
the second, 

rr(n) = 1 01 — 1 accoiding as the multiplicity of 7i is 
even oi odd, ^(n) ~ 
v(n) = the numbei of diMsois of 7i, 

= the totient ot n — the numbei of integeis < n 
and copiime with m, 

(tOO = the sum of the divisois of oi, 
d(n) = the total numbei of decompositions of ii into 
a pan of copiime faetois, the oidei of the factois 
being coiisideied These aie but a few of the special 
cases of and its powei s, Fiom them w’’e get 

((, h) = hb(n) fti.i,(n) iinihin), 

r(, h) = h, ( 71) (71), 

/(n, (f, &) = hAn) {fii,b(.oi)}^ iiaib(n), 

^ /“Mu, ri,h) = ( 1 /»6 (??) Ufilbin) (711 = 71^1^), 

^()i n, 1} = {[ii,b(n))^ Ixbhi) ciA”-\ 
t~^i 7 i, a, 1 ) — ( — 1.1(71) (m^ 7 i^'^) 

Befoie wilting down the generatois of special cases of these 
we must recall the absolute pi odiict \ffj | of /— (/ (1 ), / (2), ), 

g^igil). fj(2). ) Put 1/9^1 = foi the moment Then 

(see chapter I § 8), h(7i)= g{7x) r/iii) Cn — 1, 2, ) Hence 

'J^\ = \J'f\i aie defined These will not be confused 

wuth the products and powers \f(j\, < 7 ®, m ©, , which (as 
explained above) are products Pu For examples®, \ v^\ aie 
distmct functions, 

v‘(n) =2'»’(<2) *’W, |v*|(») = 
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the summatlou lefenmg as befoie to all pans ot couiugate 
dmsois cl, d of n 

It will suffice to wiite down the geneiators of only a fe^\ 
We see fiom the above, oi duectly fiom the definitions the 


following 




FLNCTION, 

LENERA.TOE 

ir \( TION 

GE\ERA.TOR 


1 — f 

Hi V , 

n—§tr\ 


1 + f, 

,,2 


V, 


' ft- t ' 

1 + 2^ 

y>. 


,ne 

11 — 

H 

(i-ff) (1— f)-i 

i 7t th 


n , 

(1 + 

, 71V , 

(1 + fr- 

1, 


, th V 


a, (1— frMi— 

71 H 


5 



(i+{2»—i)^}a— fi- 

1 /* ih [ , 

l — SU, 

Hi a 

ll— 

i h 

l-hiU, 




and the list may be continued indefiniteh This illustiates 
the iichness of ip, which is itself one of the simplest algebiaic 
geneiatois in 

If we take V of i; 9 to be the latioiial domain it follows 
fiom the foiegomg geneiatois that /< tt, //; mir , 

aie piimes in (£, , and that ne hare the following lesolutums 
into piimes in (£, , 

p — <T = 0 = 

\7t0\ — fin, \il^v\ = Hi, ItTCT, = TTi^jT 

and many moie by inspection Foi example the lesolution 
of e into the pi o duct of the piimes uq is eqmvalent to 
the identity in 2t between geneiatois 

(1 + ^)(1 — fr" = (l + f)xa— 

and lead in full the lesolution S = \fi^\i(o in states the 
relation d (w) == ^ {/* (ti)} 
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the 3 leteiimg to all divisois d of n, since = 1 toi 
all integeis 3>0 

Having lesolved a given set of elementh of (£, into then 
prime factois we maj then pioceed, piecisely as in St, to 
obtain fiom them b’s opeiations in , of which multipli- 
cation and division lead to the moie interesting lesiilts, 
chains of lelations between functions of di\isois We shall 
illustiate this in a moment For the piesent ve lemark that 
the equivalent in (£r of the associative law of multiplication in 9t 
leads to inter estmg consequences Thus, if — 1, 2, s) 
aie elements of (S,, then pioduct / is in (S,, and likewise 
foi /tt /b to wheie n, h , / aie 0113^ mtegeis chosen 
fiom 1 2 Each such pioduct defines a function 

whose veibal definition can be lead off fiom its geneiatoi, 
and the function so defined will in geneial isolate piopeities 
ot divisois siitftciently diffeient fiom those defined b3" its 
tactois to make it of inteiest Foi example the pioduct 
fiHi mai be leplaced wheievei it occins b5^ 9* Hegaidmg 
/ as a pioduct in all possible ways given b3’ the associative 
law^, thus / /. / / //t A. etc , we obtain its 

stiuctuie in with reteience to JI{s) distinct aiithmetical 
functions, wheie n(s) is the enumeiative function of chaptei 1, 
§ 26 Again the most obvious consequences ot dn ision in 
21 imph’ lelations m which are not always obnous at 
fiist sight DiMsion in 21, that is, division of geneiatoi s m 
the piesent instance, ma5 be leplaced at once b3’’ division 
m since the piocesses aie abstiaetly identical, and like- 
ivise for multiplication Foi example, suppose /, <7, 7/, 7^, p, q 
are elements of between which there aie the relations 

fg = hlx, fj} = hq 

Then b3" ehmination of /, 7^, piecisel}’ as in 2C, we infei 
gq = j) I This almost timal example in illustiates the 
simphcity and power of the method For, statmg the theorem 
m common notation we have the following the relations 

2Ad)g(.S) = 
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togetliei imply 

where /*, q aie aibitiaiy ‘single valued him tlon^ «»t 
integeis, and ^ lefeis (as beloie) to all pans ot coiiiiigate 
divisois d, d ot )i As anothei, Mimlai example we see 
that No S — implies j ~ q! nq = qn, since (bj then le- 
spective geneiatoife 1 — f, (1 — i)-^ gi\en abo\e) /i // aie 
leciprorals so that (inq = jy But this is the impoitant 
inveision theoiem ot Dedekmd, namelj 

= ffUi) D fUt) = 

This theoiem (wdii<h as a ^el} special nistam e division 
m (£,) has tlieiefoie the immediate extension to anv tunctioiis 
/, ( 7 , h, 

fq = h O (/ = hij and f = h q 

01 , it (/“^denote as usual the letipiocaK ot / q in (£,, 
hom f(j = 7/ we intei J — lur'^ q ^ hi ^ exacth as 
in 

Returning to the special tunctioiis we have the tollowing 
illusti ations ot the above lemaiks. 




= 'h 


''0 = 




= 

f'o '^2 

= n^a 


r e = 

' 1 ffo 

= 


= 



= T 

q'V = 

fl N^ //J 

= N^N^ 

= G 

— 

Nf, Iff 

= V N^V , 


7t 6 V = 

flTCitl 

= 

= ^‘2' 

ncv — 

mil 

^^0 



and so on indefinitely Again, each of the follownng, and 
hence all products and q.uotients of positive mtegial powers 
of any number of them, is equal to 17, the unit in ©r. 
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(ill, TT \fi 

\^uii^i<s, Ttfidj \nui.\\nx(i^\, \iiiu\th, 

and so on To see one of these in full, considei Tfi 6 Then 
TTfiB — ri states that 

^7r(rfi) /<(<?>) 0(rfa) = 1 01 0 

accoiding as n — \ oi w > 1, the ^ lefeiiing to all tuples 
{di, d 2 , di) of di\isois of n such that di d 2 ds == n All these 
aie instances of (11 5) 

These feTs examples aie sutheient to show one diiection 
in which (£, may be used to cooidinate and indefinitely extend 
one pait of the algebia of aiithmetical functions We pass 
on to illusti ations of difieient types 

12 Miscellaneous applications of (£, Again make 
onlj a shoit selection, as the abstiact identity of S, and $C 
suggests inexhaustible possibilities which, howevei mteiestmg 
in themselves, add nothing to the compi ehensive theoiem 
that ©„ SC aie abstiactli" identical We shall endeavoi to 
choose examples that have some impoitance in othei depait- 
ments of arithmetic 

Considei fust the aiithmetical mveision of pioducts, an 
instance ot which occurs in the deteimination of the equation 
of piimitive loots We have defined wheie/ is in and 
ft IS an integei (=0) By obvious means, piecisely as in SC, 
we can extend the definition to poweis whose exponents aie 
any rational numbeis But it is more mteiestmg to geneialize 
in another diiection, and we shall define where /, (/aie 
any elements of 6^ to be the pioduct 

(121) - n [/(d)]»w 

where H lefeis to all pairs (rf, d) of conjugate divisors of n 
As befoie we omit fiom (^) the symbol of the 

argument n, and an equahty 

(12 2) fa = 
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where /, q, U, I aie in S, is to be imdei stood m the matiic sense 

J^{n) — (n = 12, ) 

Let It be the lespective leciinocdK ot 7, I so that 
qq' = W = 71 rthe unit m (£,) Then ^\e have the qt^ne)ul 
niveyBion oj^ fiindional ponn'i in S,, expiessed 111 the tollo'wing 
(12 2 ) implies 

(12 a) = ho 

Obseive hist that it foi the moment /, //, h I be inteipieted 
as elements ot 51, so that (f = l/v, A' = 1 A the theoiem 
is tine Hence the mveision in G, is abstiactlv identical 
with the extinction of loots m the aiithmetical loots 
being undei stood 111 51 The m\eision in i£, is pioved imme- 
diately by taking logaiithins in (12 2) and multiphing in G, 
the lesult by the aibitiaiy element ot G, 

<f>qF = cflH{h)g f(n) = Fin) log Jiin) Him) 

whence and theietoie on chosing r/ — q'V ve 

get (12 3) 

If in the above we take q ^ I ^ r, ve see that 
(12 4) = irt O fV = Jd, 

01, in non-s5nnbolic foim, 

(12 41) Xl/W = D fin) = 

a theoiem of Dedekind, flist used in the theor3’ ot binomial 
congiuences by Gauss and Cauchj 

Consider next the inversion of senes, and toi bievitv assume 
that all the senes discussed are mfinite and conveigent Write 

F{j) =2^7iU)f(n) 

t=i 


(12 5 ) 
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Let li be the lecipiocal m % of h, multiply (12 5) tliioughout 
by 7/{;) and take the sum Avith lespect to ; = 1, 2, 

Then we see that (12 5) implicb 

(12 6) /(I) = ^h'(j) Fij) 

The pail (12 5), (12 6) may be consideied ab inveisions of 
each othei 

A special case of the last is of inteiest We note pai ticulaily 
that it IS a specialization and not, in spite of its appeal ance, 
a generalization of the pieeeding With Cesaio (see Dick- 
son’s Histoyy, loc eit foi lefeiences) let == x, and let 

f„(r), (a, =1,2, ) denote single valued 

functions of j such that, if « ^ are any inteigeis^O 

== (^t.(aj))^ 

and let (j, h, be any elements of (S, (= functions taking 
single definite values foi mtegial values 0 of then aigunients) 
Then we may wiite as m developing (£, 

/(£„(/)) 

and considei the lust of these as the paiticulai element y^(n) 
of Thus, defining f/da) Jfdn), similaily, we see that 
fx^ (Jx, hx aie instances of the arbitiaiy /, (j, h, in 
Hence iS ’betneeii such /, q, h ice June estahhshecl n i elation 
JR m (£„ an imtance B,' of R is ohtained on sux)plying 
to each function the suffix x uith the ahoie meaning, and 
(onietsely fiom R! may he infeiied R if ue take e^ix) ~ nx 
ami in the lesnlt set x = 1, as clemly is petmissible hy the 
definition of the e's Hence R, R' ai e foi vnally egmvalent, 
and R can he untten doicn fiom R' hy diopping the suffix x 
Now let Q^ix) = 1 or 0 accoiding as the integer a?>0 
is or is not a membei of the class A, and considei only 
classes A such that 


S2^(x)£lHy) = S2^{xy), 
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and lieiicc = 1 Then, the meaning ot the absolute 

luoduct toi any elements/, (j ot being a'^ betoie 

(see § 11), have 

ii (£,i ( / )) ii. (n ), / iof)) fAn) 

and theiefoie ''^lrfjc\ is defined It follows that m (mu 
telftUon B mhdtnru elemenU f <f 7/ uj (£, tm 

may obtain n foimrilly pfjtinalent i (Nation B' on nplaam/ 
these by 

i (-“^j^Hticely nluae J. B, (' ttn^ any <7a*s/s nf rnttr/n^ 

t,y,c any ( ro lahtes, (Old ffA /) f^(y) £, { \ ice /3 , 

= 1, 2, ) any ^ets of Jandwns laaiiuj tJa (/i rjaji juopdtt/ 

as defined f 01 f«(a) It is to be noted that the ^allables 
aie not necessaiilj independent noi the eiij) 
neees&aiily distinct and that -1, B, C, aie not necessaiih 
nmtuallv exclusive To pa'>^ fnnn B' had to B ta/o #, ( / ) 

— ce I f^(y)-, = fiij ice /3 = 1, 2 ) A — Jl = f’ — 

— the (lass of all eiiteyeis " 0 and in tJa hb{(lt pat 

Noting that the i ecipi ocal in ot ii ^ in) kin) is SI ^inih' ^n\ 
wlieie 7/ IS the lecipiocal of 7/, t\e see that the imcisionot 
(12 5) into (12 6) implies and is implied bj the tollovina 

(12 7) FAX) = 'Z,^^^inhii)fA() 

/=i 

implies 

(12 8) tviX) = ^ <J-^(c)7/(/)F,{c) 

l — X 

If 111 this we leplace the timctions with sufhv / bj then 
full definitions, 

J’^d) — FU), t,U) 

y»fl) f(y.h F,{i) F(i,h)), 

we have Ces^iio’s geneial mversion which thus appeals as 
a special case of (12 6) 
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We shall next indicate how OC, % combined with an in- 
genious use of infinite senes due to Heiniite {Ada Matlie- 
matiLa^’sr^X 5, pp — ^^0^ JoinnaJ fu‘> MatJiemnUlx, Yol 100, 

pp 51 — 65j and seveial letters in the Coiiespondence with 
Stieltjes), may be applied to functions of the gieatest integei 
[a] < X By the usual convention [x] — 0 when r is nega- 
tive Although it IS not necessai^" in what follows to use 
infinite series we shall do so toi the leasons stated iii the 
Introduction, also because some of the most iiiteiesting 
foimulas in the liteiatuie of b] tthose i elating to the class 
numbeij) were fiist found thus by Heimite, and his method 
IS by no means yet exhausted A lefeience to his use ot 
senes will sho^ that they suggest tiaiistoimations which 
would be unlikelj’ to aiise fiom elementaiy methods Heimite 
ignoied all questions of conveigence m his memoiis, the 
justification (if any be needed) of this pioceduie is contained 
in K as developed in Chaptei I All senes aie to be con- 
sideied as the C associated tunctions ot the matiices ot 
theii coefficients 

Heimite s tuudamental lemaik is that if 

then 

as 9) = +/([«/«]))•*''. 

which IS obvious on expanding (1 — z)~^ and collecting the 
coefficient of i” We shall wiiteJ/Cii) toi the ^ammafo)ij 
fmution of fin) tnJteii hefneen the Imiiis 1, n, that is 

J/(n) ^^fia), 

and as before it/ g aie in %,fg is then E pi o duct, so that 
fffin) =ZAd)gid) 

extended over all pairs d. d of conjugate divisois of n Hence 
in particular 

ikf(n) = 2!, fid), 
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where ihioi) ^ n\ as alieadj defined in § 11 and hence it 

fl2 10) F'{x‘‘)/(l—i) = ((«'«!) 

Taking f — xi^ in the last we have HeimiteN geneiatmg 
identity foi [n/fi\ 

^12 11) 

Again, at once fioni the definitions 
(12 12J 

U—l H-=l 

and theiefoie 

(12 13) ffia) F' (/'') =2 

1 — 0 u—\ «=i *J 

Multiply (12 10) thioughoiit by sum tni a = \ ‘r. 

and compaie with (12 13) Then since iff = fq ne ha\e 

(12 14) 2^/7(/0 r/([«^]) = ( 7 ([7i/o]) 

Cf = 1 tf (l — i 

of which theie is the useful special case obtained b'v taking 

g — 

(12 15) ^ f/CbiA/]) ^ 

<1=1*' ti=i 

The last ^\as fiist given by LiomiUe and Diiichlet In the 
deiivation of (12 14) we get ineidentallv 

(12 16) f/gCn) =2^ j t ([«/<d)^ 

whence we have the useful known theoiem 

(12 17) f xhf(n) = 21 bifa]J{a) = 2 \fi\nla\) 

V 0=1 0=1®' 
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Fiom the iiiveision (12 6) we see that if 
Hiji) = 2 Mnn) 

then 

4 ( 1 ) = 2 ^ *7100 

n=l 

wheie fj(h~ri, and hence in paiticnlai if eithei 1i{n) oi 
H in) vanishes when n > 2^, 

JV 

7/(1) = ^ g{n)B:[n) 


Applying this to (12 16) leplace n theieiii by [i/n], take 

Hill) _ Jy/([j'/9il), J([//n]) = hin), [o hi] — X, 

and get as the in\eision of (12 16), 

112 18j fin) = 2 gxia) f/fi[nhi]) (//^l = »?), 

J 11=^1 

on leidacing [/] bi n Hence the inveision of (12 17) is 

(12 19) ^ fin) = /'(//) f Ho/([n/c(]), 

since gifo = ri Note that (12 18) is a pau of inveisions, 
since t (] ffx may be leplaced by (/,/, /i respectivel 3 " 

We shall next give enough examples to show how the 
foimulas (12 14)-(12 19) aie applied in connection with 
factoiizations in 6, as m § 11 In the derivation of 
(12 14)-(12 19) aU of which can be pioved almost bj" in- 
spection, we made only a slight use of Hei mite’s device, 
but enough has been given to suggest its utibty, for example 
when applied to the senes foi theta quotients The mul- 
tipbcation by the senes for (1 — x)~^ is equivalent to a 
summation (arithmetical integration), the change of x to 
m the function to be thus integrated introduces the gieatest 
integer function 
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Foi vaiiety we stall give some examples coiiceimng 
elements of ©, othei than those alieadi used in 11-12 
Let G-tin) = the sum of the >th po\\eis of all diMsois ot n 
oiCn) = (r{n), ^gOO = rin)^ fptin) = the ith Joidan totieiit 
ot n, SPiCw) = <j>{n) and 5 Pr(n) = the numbei ot iiitegeis < n‘ 
that aie divisible b^ the >th povei ot no piime diM^oi 
ot n (this IS, onh one ot seveial t^eibal dehiiitions ot the 
function), Vr{n) — the niimbei ot duisois ot n that aie 
Uh poweis, %\{n)~v{n), ^ir(n) = i) it n is divisible Ija 
an 9 th powei othei than unity, and in eieiv othei 

case the value of the tunction is l, 

(?*■) = 1 if 91 == 91^ n, 1 0 and = 1 oi /i i ii ,t = i 

r, = — 1 if u = 9i'^9i_,, / ^0 and /I (9^1 = — 1 

= 0 in all othei cases so that /t, , , = j? (= the imit\ 
111 @, ), and = 71 The lecipiocal ot is if', dehned b\ 

SP, (H) = 9/* |l — |l — -jj-j = — />' I (1 — //M 

where , q aie all the dilteient piime dnisois ot it In 

the f olio V mg examples we shall assume such lesulutioiis m (i, 
as aie necessaiy, all aie found immediateh horn the aeneiatois 
as in § 11 Thus, foi example, Ho, /< aie lecipiocals so that 
tiofi — n, also ^uit — <pr, etc To simplm the punting we 
omit all limits fiom the summation signs, iindei standing always 
that ^ lefeis to ci, and continues so long as all aiguments 
ot functions in the summands aie mtegeis 0 u in the 
examples is an arbitiaiy constant integei >0 Undei the 
J* sign the implied sum is with respect to u = 1, 2 u, 
as above 

¥iom (12 17) and its inveise (12 19) we get, among many 
others for the functions defined, paiis of inverse relations as 
follows Take / = then = uj = v, == 

hence 

(n) = ^ [92/fl] , w = 2 C«) J ^ (N/«]) 
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Similaily the choice / = sp» gives the pau 

2 [n/r(] (ft) = J* c/^ ([n/a]) , 

J * fft (n) =2 (1’ + 2^ + + [?i/ «]0 ^(^0) 

taking f == n we have uq/ = lt%, and hence the pair of 
inveises 

[7i12] = ^\nlf(\n(fi) = 7t{[nlci\), 

^n{n) —^{{nhiY^-'\fi(a) 

Let <S>,i(n) = the sum of the sth poweis of all divisois of n 
that aie jth poweis Then the choice /(ii) = Tu, (n) gives 

s(n) == 'S\?i/f(}a>h (a) — 

which, foi 6 = 1 IS a formula due to Lipsclut<5, 

^ 1 ( n) =2 [nf ] cO 

The luveises aie uninteresting Combining the lesults of 
taking y = 7r,y==rr, f ^ Jtr successively we find the 
cimous'iesiilt 

2 if^)f V, ([«' /r/]) = 2 («) J* y {[nUi]) — 2 J* TT ([7i V«]) 

These may be continued mdefinitely 

Fiom (12 16j and its inveise (12 18) we wiite down the 
following examples Take g = ipjjf= it j Then gf = uq^ 
and the lecipiocal of wr is that of i//, is g>,. Hence 

« = 2 (!’■+ 2’-+ + bi/nT) (.a), 

and this gives the pan of inveises 

jn^ = 2 W (i\ SPr («) , J* in) = 2 {nia] («) 

The choice /== g — and the factorization — 0 

m ©r give the following, due to Dmchlet, 
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and hence, since — t], we ha’ve the myei-^es 

n=2^7t(f()j e{[n/(i\) =2^d{rf ) J 7r([7z'r/]), 

j (iHn) =^ti(n) J e{{nhi]) 

Taking J ^\uxlr\, 7 = I «i fh \ we get 

n(n + l)/2 ==2 J{p + 2 »+ -f 

wheie the absence of 7 on the left is noticeable and this 
gives the iiivei«!e fwe omit one) 

2^ Kfii in) =2^[77/V/'] (1H-[77, 7 /^]) n' fiitn 

The choice J = Ui, <7 = 1 tii ft gives Jt/ = /< , and hence 

2 =^[77 '7/] ( 1 +[77/77]) 77 //(//) 

which IS its onn imeibes 

By a slight vaiiation of the extiemeh simple technique 
we ^^rlte down the following in concliibioii 

77(77+1) = 2 2 {y ([77/ 77]) + [77/ 77] 9' (77 — ItJ 
1 = 2 + [«/ 77 ] /7 1 (7 — 1 1) 

[77^'-] = 2 (^([«/'d) + [n 77 ] rr (77 — 1 1} , 

Jff.OO = 1 )') 

fun) = 2;pa»/«]), 

wheie JF*(n) = the number of piimes <77 As a numeiical 
veiification we take w = 6 m the last, getting on the left 
1 + 2 + 2 + 2 + 2 + 3 and on the right 4'+3 + 2 + l + 1 + 1 
Foimulas such as those in the examples have frequent^ 
been used as the point of departure for obtaining mean 
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values ot aiitlimetial functions Then inteiest lieic is tliat 
they may he constiucted at wall by processes which aie 
abstiactly identical vnth the simplest multiplicationts and 
divisions ill 9£ 


EXTENSIONS AND FUETHER INSTANCES OF 13-14 

13 Extension of® to sets of elements Foi simplicitv 
we considei only the case wheie the aiguments of the functions 
aie integeis, but the whole of ® may be leconstiiicted on 
similai lines Theie aie no instances 111 the liteiatuie ot 
thfr type of lelations between integeis to which these ex- 
tensions gi-ve use 

Call /= firi, j-t) a numeiiad ^function if / foi each 

set of iiitegial \ allies, all difteient iiom zero, ot the jli takes 
a single finite value, and it fuithei /(I 1 1) 4 0 Let 

^ lefei to all integers 0 — 1 f, / == 1 , ; ) which 

foi constant integeis (/ = 1 ?), each ^ 1, sati'stv 


and let 


Ui 

= Olu OI 21 

'iltl 

(l = 1 

, i ) 


II 


(J = 1. 

f) 


be t nunieiical functions Then the i-fohl D odnet J2 Jt 
with the mat/K (oqument Xt = (iij n,) is defined as 


/i h h 






As in we may omit lefeience to A", 

The unity of this multiplication is easilv seen to be the 
numerical function 

U == u(li Xt) 


defined by the properties ii — 1 when Xj = l(j = 1, ? ), 

it — 0 othei wise Evidently tif = /, whei e / is any numeiical 
function (of 7 arguments). The zero of multiplication is the 
function u? which vanishes foi all matric arguments, wf = w 
Precisely as m ® or ©r it can be shown that f ^ tv has 
a unique recipiocal Z', that is the equation//' = u has 
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one and only one solution (numeiical tiinction of ; aigumenttaJ f 
Hence multiplication lias a unique invei^e and is ab&tiacth 
identical with multiplication m 21 

Let C he the numeiical function w^hich takes the value 1 
for all values of its matiic aigument JN", and let == n 
Then it follows easily that iq , «, ) = 0 if the j = 1 / > 

aie not all simple, and in the contiaiy case the value is 
1 or — 1 accoidmg as an even oi an odd numbei ot the Uj 
have odd manifoldness fsee §11) Hence each of J 
a solution r of 

n,) — r(ni) t02>) rin,) 

and we see that if / q aie any numeiical tunctions (ot / 
aiguments) 

f/ ^ Qf O f = 

wdiich IS a geneialization ot Dedekinds iineision (> = 1» 
Again piecisely as in 

/(/ — li D </ = hf' <nul t = luf 
(if = luf and all — hlx 3 fk — qh 

and so on The abstiact identiti with 2t gi\es as m C£, 
an infinity of such lelatioiis The fumtional powei^ also 
exist as 111 

Theie is a theoiy of associated hiiu-tious lieie as m X 
but not one of geneiatois — ab in (£, Finally as alieadi 
mentioned, the extension can be leadih made to fimctions 
of 1 aiguments belonging to / distinct semigioups 

14 Other instances of (£ From the manner 111 which 6 
was constiucted it is cleai that the integei n in (3 4) may be 
replaced by the paiticular general element n of anj variety 2? 
in which the fundamental theorem of arithmetic holds 
provided a, r be replaced by the prune factors of n 

in SS For instance, n a, /S, r may denote ideals m a 

given algebraic numbei field, n being considered principal 
(corresponding to a given algebraic integer) when «, y 

10 
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become the distinct prime ideal factois (not nece&saiily pinicipal) 
of n In any instance the iimfoim functions on 

which @ IS constiucted can be chosen only such that addition 
and siihti action are significant foi them Thus, in the case 
of ideals we might choose for ^a.{xa) the norm of The 
fuither development m any instance pioceeds precisely as 
in a. It IS immaterial accoiding to what law^ the elements an 
(n m 3S) aie aiianged into derived matiices, provided the 
fust element be that coriesponding to the unity in SS, as we 
woik only with geneiatois and the geneial elements of the 
matiiees It is sufficient to know that the xn foi can be 
placed m (1, Ij coi respond ence with those foi (S The last 
follows since the elements of SB aie denumeiable by oui 
assumptions in Chaptei I eoneeimng aiithmetic 

APPLICATIONS OF (£ 

TO THE ALGEBRA OP SEQUENCES, §§ 15-17 
15 Blissard’s umbrae The applications in question 
aie made by means of the variety S3 of (£ described in 
Chaptei I § 22 As the subject is veiy extensive, and its 
applications numeious, we can give only the biiefest outline 
A systematic use of the algebia sketched heie greatly abridges 
the computations necessaiy in the algebia of sequences of 
functions or numbeis and, what is moie significant, suggests 
many intei estmg extensions or generalizations of well known 
theoiies— foi example those of the seveial kinds of Beinoullian 
functions in existence (including their usual geneiahzations 
to functions of several variables), the like foi the Euleiian 
functions, and the essential generalizations of all these which 
result when the numbers of Bernoulli and Eulei aie leplaced 
by the polynomials occuning as coefficients in the power senes 
expansions of elliptic functions The algebra has in fact 
immediate and fruitful application to any functions containing 
in then defimtion an arbitrary integer 

The consequences of repiesentmg the entire class of elements 
(n (n = 0, 1 * ) of 21 by the single letter or umbra c weie 

first developed by Blissard in a senes of papers on the Theory 
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of Genei tt Equations in vols 4-6 of the Qiautaty J out nut 
Essentially the same theory, with less detail was stated 
about 15 yeais latei by Lucas, who also ga've a shoit account 
of it in chapteis X-Xm of his Theorie r/cs Xomhtf^s (1891) 
The theoiy of Blissaid’s method can be earned much bejond 
its current state, it can indeed be developed in complete 
isomoiphism with The e^^tension of the method b\ the 
intioduetion of umbial division, iimbial diffeientiatioii and 
integration the umbial cnrulai functions, etc lead to pai- 
ticiilarly inteiestmg consequences As Blissaid s woik seems 
to have been overlooked by many who attribute its simple 
and ingenious piocesses to latei wiiteis I have designated 
the algebia based on it by 33 to lecall the name ot its 
oiigmatoi In a ceitain sense 35 includes 21 This will 
appear so fai as multiplication is concerned piesenth , I shall 
not take the space to considei tiiie umbial addition and 
division (not discussed bj Blissaid oi Lucas) which com- 
pletes the inclusion It (^o, ) is an\ matiiv in we 

shall denote this matiix b\ t, and call i the nmhm of the 
matiix, ( IS not an element of % The mteipietation ot the 
umbial powei t" is that tins pouei tiu uflitlemnit 

Ln of the mat} IX (^o> ) of uhuh ( flu umtou t° ifpif- 

•icnts (q If c is any umbia we shall write t" = (u = 0 1 > 

In dealing with seveial umbiae it is occasionallj neLes!>ai\ 
to give them suffixes Thus, toi example the umbia ot 
the C matiix (&,o, 6»i, , hn, ) m 2t maj be designated 

by and we have hr = h,n {n = 0, 1, ) Umbiae aie 

combined in £ oi 25 accoi dmg to the folio w mg fundamental lules 
Umbial poweis c", c'", (>«, n integeis ^0) occmimg m 

computations aie manipulated as if they weie scalais (= ele- 
ments of 21) with the thiee following restrictions (1) zeroth 
powers h°, of umbrae «, h, must always be indicated 
explicitly and are not to be leplaced by the unity 1 of 2t, 
(2) if in any Imear function of umbrae with laised suffixes 
a given umbra ocems precisely s times, it is to be leplaced 
by s distinct umbiae until after the completion of all opeia- 
tions as in 21, when (3) all exponents (laised suffixes; of 

10 * 
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umbiae aie degiaded to suffixes Umbiae aie equal only 
when the matiices of which they aie the umbiae aie equal 
To the absolute pioduct \a%\ of 

flr' “ (1 , n, n^j ) h = (hof hi h ) 

where hn(n = 0, 1 ) aie scalais, we assign the unibia n'h 

Hence a'h is the umbia of (6©, u&i n^hz ), since is a 
scalar and hence == 1 (the unity in St) 

1 6 Umbral X The X to which we lefei is that of 
Chaptei II, § 7 Let a, h , c be A umbiae, a, y, , ? 
scalais, and ^ 0 an integei Then hy definition 

{xn-\-yh+ 4--?cy^ = 2 ^r' - - j (j 

wheie 2 lefeis to all sets of I iiitegeis each ^ 0 whose 
sum is 71 Hence (see chaptei I § 22), it t is also scalai. 


exp 3" r/f exp 2/6/ exp 2c/ = exp (/u + ?/6+ +2(’)/ 


Hence if / as in iss the iniaginai^ unit, the uinbial sine 
and cosine aie defined by 

2?sinrir/ = — exp( — /at), 

2 cos fit = exp 2 u / 4- exp f — / a t ) , 


whence 

sin at—ZjQ {2?i+l)’ 


cos n/=2^ 


(— 1 )" 

{2ny 


a>n. 


and with an obvious meanmg foi the umbial deiivative 


da 


sm «/ = / cos at. 


also 


A 

-^sin at — a cos a/. 


d 

da 

d 

dt 


cos at 

cos at 


-t sin at, 


-a sin at, 


in the last two of which the indicated multiplication by a is 
to be peiformed (see § 15) before exponents are degiaded, 
in the first pair of derivatives the diffieientiations aie pei- 
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foimed upon the senes foi sin af, eos af in the foims ^ith 
laised suffixes 

If in the above umbial inietpiet 

a, J), , c as scalais, the expansion becomes the multinomial 

theoiem in and similaily, mutatis mutandis foi the umbral 
exponentials and cueulai funetions We shall letei to this 
inteipietation as the stnlm imtatice of the umbial functions, 
and similaily foi scalai instances of umbial identities 
It is deal, that the scalai instance of an umbial identity 
IS an identity in 31 Hence any umbial ideiititv can be lead 
in eithei of two ways, namely as identity between scalai s 
01 as one between umbiae The second is the moie inclusive 
Foi example the umbial expansion of — a)“ can be 

wiitten 

a^ih — uf — (()^ 

= -\-{ 2 a\l>x — 2(i2fht) + Uioh2 — 2 fiihi-\- 

which 1 educes to (loh. Hence ia-^h — //)- = a'^Ir eithei 
umbially oi in 31, since in 3t we have = 1 

Foi n ^ 0 an integei we defane as the simplest instances 
of functions to be geneialized presently 

9<nU(,h) (((-{- — l)y\ ipnin h)~ (a-\-hy‘ — (k — hy 

wheie a h aie umbiae, and hence if t is scalai as befoie 


2 cos cobZ;^ = cos (r< + ^>)f+C 0 b (« — h)f = 
2 cos at sm It = sin — sm = 

2 sin atcosht = sm (fl + &)f+sin (a — h)f = 
2 sin flisin ht = cos(n — b)f — cosfu4-fi)f = 


cos (j‘if( h)f 
sini//(r/ h)f, 
sin 5P(<T, h)f 
— (losif'ia h)t. 


in abstract identity with X The first, foi example, states 
that the coefficient of ( — l)"^^"/(2n)’ in the pioduct 


22;r 


IOC (—1)” 


(2ny 




poo (— 

■'o {2ny 


b2n 
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IS 

(n + 6/" + (■«—?»=“ = roa-* 6a 

Since we die opeiatmg in G oi 95 conveigeiice is iiielevdiit, 
the series aie merely those associated with the matiices ot 
then coefficients as explained in chaptei I 
It now follows that, piecisely as in obtaining the ^ iso- 
moipli of X in Chaptei 11 §§ 7-9, iheje is a comx>lete nmhi nl X, 
say Xu In this the most nseful formulas aie the generaliza- 
tions of the above to any nnmbei of umbral aiguments and 
the abstractly identical equivalents in Xu of the addition 
theoiems in X 

The foimulas foi composition and decomposition in X aie 
the scdlai instances of an important set of foimulas in Xu, 
whose application will be pomted out aftei we have indicated 
then natuie Let the iij, ij, Uj, Vj C / = 1 2, ) denote 

umbiae, so that foi example, ffj — ffjn (oi — 0, 1, ), and 

in the scalai instance, — wheie is interineted as 
an element of Fiom these umbiae we can now foim 
D matiices, piecisely as in the scalai instance Wiite 

U, = (hi, 1(2 , lit) Is = (^1. V2 , i?) 

XIp = (i^l, H2 lip) XT q = (ll, l2i Vq) 

and as in previous chaptei s indicate conjunction by plus signs, 
thus Tit +T 5 The particulai oidei chosen as noimal foi 
the Hj, tk in the conjoint is immateiial in what follows (as 
will appear piesentlyj, for definiteness that Older may be 
taken as noimal in vhich the I’s follow the u’s, and accented 
letters follow unaccented Thus 

C'r + T’; == («1 Hz, , Kr, H, 1/2, , Is), 

Ur+Up = (ill, Hz Hr Ml, Ui Hp) 

Each of Cj ej (j — 1, 2, ) as in ^ denotes a definite one 

of 1, — 1 , and ^ lefers to all possible sets of values of 
the e’s and e’s occuinng in the arguments of the summand, 
the functions g?, x aie then defined foi n = 0 , 1 , by 



151 


APPLICATIONS OP THE ALGEBRAS (£, 

rj>u(U}) = ^ (iti-i- Ci Cb Its-]- -f- '■*» //i j", 

CT*} =^£2^S «s(tl+«2i'2+ 

An ( Z/j ) T s) — ^ €i Bi -j- P2 “h “f~ ' r Itr 

+ +fs/ 6 )“ 

Hence f being scalai, \\e haie horn chaptei II § 10 
} 

2'“’ cos itjf = cos fy(Cr)^ 

2=1 

29 

2-^-1 ( — 1)^ PJ sm tj t — cos T,i)t 
2 = 1 
2i+l 

2-^ ( — 1 )“ bin / , f = sm U > ( Ti^_i ) f 
2 = 1 

7 29 

2»^2s- 1 — ijs jj^ f f _ ^ 

/=1 t=l 

7 2£+l 

2»+2s( — i)s COS II, t ji[ sm tkt — sm /iTr 1 2^,-1)/ 
2=1 /=i 

The (fin, tpn, xii aie theietoie instances ot paiitj timctiuiis and 
the respective panties ot (fini iUj), V'^nd’jb) ^* 2 n+xiy 21 ,- 1 ^ 
72» ( Z7, , Fjs), X 2 n+i{U}, Hi«+i) aie j2(r, ), //(Tj, ) ^j( r.^-i) 
piU,, Vos i?(t^r|r2^+i) 

If now we multiply togethei coiiespondmg membeis ot 
any pair of such identities and use the abo\e to 1 educe the 
lesults to the same lespective forms, we hnd siv addition 
theoiems foi the fi, ip, y functions, of which w'e shall wiite 
onl3’' two, 

<fi 2 n ( U, + TJi) = SP 2 « (sp ( r, j V { C y )) 

72«+l ( Ut + Up , Vis + Vig-rl) ~ V'ai-rl (z ^ 5 T 2 s) Z ( ^ 3 ^ -i' 2 -rl 0 

Similaily, if each umbra m Ur be replaced bj" the sum of 
two others, foi example w = so that u" = (i 4-it')" 

(9^ = 0, 1, ;, we find m the same way a second kind of 

addition theorem, of which a simple mstanee is 
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2 9>2n(Uj. n' + n") = (JjniUf, XZniUr, 11, i/")j 

wheie eacli of n', u'' is an umbra (not a matiix of umbiae) 
Combining the two kinds we get a third, of which a specimen is 

/2/l0«, T"26 ^i, l) = h)), 

wheie ii, V aie umbrae As in % there are sub ti action 
theoiems, obtained in an obvious way similarly to the above, 
and by combinations of the lesultmg formulas with the addition 
theorems we reach three types of expansion and decompo- 
sition foimulas in X each abstractly identical with the single 
set in X 

The simplest application of such foimulas is to the 
functional generalization of recun ence relations for sequences 
of numbeis or functions Let f{t) be a function in of 
the type 

/CO = , 

wheie the senes may teimmate If in the instances , 0 

of 91 the senes does not teimmate it is usually assumed that 
It IS conveigent for the values of t consideied, if the senes 
IS divergent it is inteipieted as the associated function of 
(cb, Cl, ) Then, the ^ lefemng as befoie to the e’s, 
and 1. being an arbitiary scalai, we have 

with analogous foimulas (involving pioducts of e’s or e’s as 
coefficients on the light) for ip, x Let each of r, -i, /n, , v 

denote a definite one of y, ip, x for given arguments Ua, Vj,, 
Referrmg to the ongiual definitions of gp»(C7,), ipniVs), XniUr, Ts) 
we write now 

Ty(Ur) - Ml + <% “h + e»- Mr, 

T^iVr) ~ 

TyCUr, Tjr) Ty (Z7i-) -f- ^1 Ui -j- -j- 
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or undei Standing in any case U, Ts, simply T?- toi tlip 
( oiiespondmg sum on the light, and 

HiyCUi) == 1 , >V5fi(rr) e, 4S'5p(Fr,r«) #s, 

with similar abbreviations to >S'9- If seveial Ty *^'9- occin 
in one foimula the es and «’& aie to be tieated as umbiae, 
that IS, the sets of units pei taming to diffeieiit timctions aie 
to be denoted by distinct sets of letteis thus f'j, tj, Sj, fj 
0 = 1,2, ) This is merely to pi event confusion 111 

assigning to the aigument of 2 following aU possible 

sets of values of the e’s and £’s (each = ±1) Suppose 
now that betw^^eeii v toi the given aigumentt. 

theie lb the 1 elation t = / +/<+ Then / being 

as above, we have 

J -\- "i ) = S (X) S (fi) Nir) / (/ -|- Tl/ ) -j- - 1- -|-T(r|), 

as IS easily seen This is the piotot>pe of all lecnnence 
foimulas toi sequences of elements of eithei tjpe 

Ho, Hi, Hi, Hi, tl, t-i < M '7 

By the piopei change in notation any sequence can be wiitteii 
111 eithei of these foims (with all even 01 all odd suffixes) 

It the sequences aie given duectly in the f 01m ''1 "2 - 

the exponential theoiem (umbial) is used fioni the beginning 
instead of the cuculai functions, and we leach coiiespondinglj 
himplei formulas Thus if «, ; , <5 aie umbiae such 

that cc — +d, then immediately 

+ =/(f + yS + r+ -\-d) 

It lemains to indicate biiefly how umbral equalities buch 
asr = Z-f/t+ 01 ct = above may be found, 

and it will be sufficient to take as an illustration the simplest 
example from functions of a smgle variable Let J (t) be an 
even function of t, and git) an odd function in both 
possessing MacLaurin expansions for some jfj Then the 
expansions may be written 
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f(i) == cos at, r/(f) = sill df 

wheie h are umbiae If now we have seveial such func- 
tions and their expansions, 

hit) = cos if, 7i(0 = smcff 

then pioducts define fuithei even oi odd functions and we 
have foi example 

2/'(f)7/(f) ” 7(f) = cosef = cosgpCr/ ()f 

m{t) = — cosi f == — cos «/'(&, cC)f. 

where we have i eg aided the pioducts///, f/l as defining new 
umbi ae e / , and we have 

ein — 9271 (f( 0 f2i, = d) (// = 0 1 ) 

Again since /(f) is even = 0 (« = 0, 1 ) and 

hence </ 2 m+i {<( 0 = 0 Thus if we define the e s of odd lanks, 
namely e 2 n+i by P 271+1 — SPjn-ri(^^ 0 -ue have c) 

(ri = 0 1 ), and hence e== 9 Similarly toi pioducts ot 

several f actoi s A simple example is given by the Eulei numbei s 
E 2 n{n = 0, 1, ) -& 2 n+i = 0 defined by sec/ = cosEt 
Hence 

2 = 2sec/cos/ = 2 cosj&/cos/ = cosyCi;/ 1)/ 

and theiefoie 1) = u wheie //o = 2, a,, = 0 (n^-0) 

In geneial the expansions of any set of functions define a 
unique set of umbrae, by means of the algebiaic 01 analytic 
properties of the functions, 01 by meiely considering the 
expansions of theu leciprocals, poweis, etc , we geneiate new 
umbrae and obtain equalities between the new umbiae and 
the old Extremely simple equalities such as these fiequently 
appear as the ongin or the core of elaborate theories of the 
algebiaic aspects of sequences of functions or uumbeis, foi 
example those of Bernoulli, Euler, Genocchi, Lucas, and the 
Legendre and Bessel functions 
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Tlie umbial differential calculus can be leadilj developed 
horn the following definition, abstiacth identieai i\ith that 
foi the ?th deinative ot with lespect to /f in 

t 12^ 

Daftj. - 

wheie Du denotes the ith umbial deiivatue iMth lespect to 
the umbia a We have also, wilting Z>„ — d'fln 

piecisely as in The last is a useful foimula 

17 Umbral fields An infinity ot fields legulai 01 
iiiegulai, can be deiised foi the studj ot special sequences 
The intei pi stations assigned to the toui fundamental opeiatioiis 
aie detei mined by the sequences concerned and paiticulai 
lelations between them which it is desiied to iniestig.ite 
the flexibility of the method allows it to be bent to an\ al- 
gebidic end Foi example it it be desiied to extend to 
negative lanks — n a sequence of functions 01 niimbei'^ 
commonlj^ defined onh foi n>0, the algebia at once pio- 
vides the geneiatois of the extended sequence 111 such foi ms 
that they aie consistent with the initiallj" gi\en functions 01 
numbeis The simplest umbial fields die isomoiphic to the 
umbidl exponential functions Tw^o examples will be suf- 
ficient Latm letteis o, 6 f denote umbiae Gieek 

« /S, scalais 

We have defined an to be the umbia of (^/o 

) We designate the umbia of (a Uo an„ ) 

by the new symbol (« a), = {a «) Fiom the set ot all 
(« a) geneiated as a runs through all elements ot SC and n 
through all umbiae of matrices in SI, we shall constiuct an 
inegnlai field .O'!! The sum m of any two elements 
(ce a), C/S h) of ;^U will be wiitten (« a) + h) and 
their product (« d) 6), both of which aie to be so 
defined that they satisfy the postulates of an irregular field 
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as Stated m Chaptei I § 3 This may he done in several 
ways The following is given in some detail as it is typical 
of all cases We first, as a preliminary survey to deteimine 
the mteipietations of addition and multiplication, transpose 
additive and multiplicative properties of the functions dis- 
cussed (heie umhial exponentials') into terms of umbrae alone 
Having seen what inteipretations are sufficient we then 
suppress all mention of the exponentials and constiuct the 
field ah initio, veiifymg independently from the definitions 
given by the survey that these do indeed satisfy the le- 
quiied postulates 

Fi om the definition of (« n ) as the umbi a of (« . . « <in-< ) . 

it follows that 

exp (« a)t == D (« 

Now exp (a (i)t IS m being an associated function of the 
matiix -whose umbia is (ce n) Hence, if fp(a, , ;') is 
a function in 31, so also is 

y<(exp(<e (t)i, exp(/(J , exp (r t)t) 

Fiom the defimtion of (« a) we have 

exp«# — exp(« a)t, (1 a) = a 

Take now 5 p(a, ^5) — « + >5 Then it is suggested thus that 
we define the sum in ^11 of (a u), ]>) through 

« exp at + /3 exp dt = exp ((« n) -f (/? h)) t, 

which states that (« a) -f (j8 1) in is the umbra of 
the matrix whose wth element is a ^ m 51, and hence 

((« a) +.(,» &))» == cccin-^jShn 

Similarly, takmg y (a, /5) = « ^ m 3t, we may define multi- 
phcation m :SU through 


aexpai J3 Qxghf = a) h))t, 
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ir)T 


the indicated pioduct on the left being m at so that 

((« (l) (/J h))» == (tn-jhj 

J=0 ' 

Thus we may take as the pioduct (« a) iji h) in ot 

(a a), (/I? 1) the umbia of the matii't \^hose wth element is 
the element ct^{r( hy^ of SC 

In the same way the unity (1 u) = k and the zeio (1 ') = 2 
in aie indicated at once it is sufficient to take = 1 
(the unity 111 31 ), Oj, = 0(«>0), and = o (w = 0 1 1 

Further ( « a) is regulai if and onl;v if « ff^ 4^ 0 , and it ( « a) 
h) are given and (a a) is regulai then theie exists a 
unique element {y 0 m called the quotient of (/? A) 
hj C« a) such that (a a) (y 0 — /O toi tlie last is 
equivalent to 

^ (^1 fh,-, (, = fih„ (>/ == 0 1 I 
^=0 \)} 

vliich uniquely deteimine y(nOi = 01 i it and oiih it 

« f(o =}= 0 

Having thus foieseen a possible set ot inteipietatioiis toi 
the foui fundamental opeiations 111 ^Vi bv nie.ms nt an 
isomoiphism with uinbial exponentials we can dis<aid tl«.‘ 
lattei and coiistiuct mdependeiitlj Foinial jaoots that 
the following iiiteipietations aie selt consistent and an instance 
ot the postulate system foi an iiiegulai held aie supeifluous 
as they are implied by the absti act identity w ith exponentials 
which w^e aie discaidmg It will howe^ei be ot inteiest to 
show how one 01 two aie pioved duectly tiom the postulates 

We take as elements of 11 the (« a) (/3 h) (, t} 
as first defined (without lefeience to exponentials^ so that 
(a ay^ = uan(n = 0 , 1 , ) and (a n) = (/? h) by the 

definition of umbral equality only when (« ff)” = (/S hy* 
(n = 0, 1, ) Then (« a) + (>5 b) is defined as the umbia 

of the matiix whose ^ith element is + and (a a) 
i/S h) as the umbra of the matiix w^hose «th element is 
«/®(« + b)”, the zeio, umty in are (1 ?{), il-z) lespectively. 
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as above With, these definitions it is easily shown from fiist 
principles that U is an instance of ^ ^ m chapter I § 3 
For example, the unique negative (i z) — (« a) of (a a) 
is ( — cc a), the last being the umbra of the matrix whose 
?ith element is — ««« Again, if the associative law of 
multiplication holds, we should have 

(« a) ((yS h) (r 0) = ((« (y 0’ 

and hence 

(« ^0 (^y he) = ah) 0' (), 

that is, iafiy rih() = {cefiy ah(), which completes the veii- 
fication The distiibutive law states that 

(f <) ((« ^0 + h)) = (ya ta) + (r/? ch) 

Set (« a) + h) ~ (1 (T), as obviously is peimissible 
Then it must be shown that 

(y 0 (1 fd = 0'« <n) + {y^ th), 
and theiefoie 

[t + ((« ^0 + C/J hW = u(c+ay^ + j8it+hy^ 

The left of this is 

[ ] Cn—J (« (fj ”h ^hj) , 

J=0 \j} 

which is identical with the nght, thus veiifying the distii- 
butive law 

From fuither inegular fields may be geneiated Thus, 
if d is a vaiiable m SX, then 

A,t (d, (a a)) ZH (d-h (a u))" = a 2 an-j 

7=0 \ 7 / 

defines a matrix of polynomials in SI whose umbia is 
A(d,(« a)) Call (ft a) the ew^esc of A.(d, (ft a)), and wiite 

(ft a) + (^ b) = (1 s)j (ft a) (yd h) ~ (1 p) 

Then there exists an irregular field ^Ua whose elements are 
the J.(d (ft a)), where (« a) runs through all elements of 
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311, and in whicli tlie sum of any tio elements J[(fl (« nf)^ 
A{ 6 , (jd I;)) IS i(fl, ( 1 , ?)), and tki piodiict is II jii) 
Evidently 

g 

= (« 11)} 

The finthei development belongs to the detailed apphcations 
of the subject, mth which we aie not conceined heie Fiom 
the foiegoing examples it is cleai that any set ot tunctioiiv 
in a given vaiiety geneiate, though the unibiae ot then 
coefficients, megulai fields horn which fuithei uiegiilai fields 
can be constiucted by setting up coiiespondences with given 
functions In the second example aboie the coiiespondence 
IS with one of the simplest fnnctioiis in K nameh (a+,)" 
wheie e, r aie in 51 
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ARITHMETICAL STRUCTURE 

NATURE OF GENERAL ARITHMETIC, §§ 1-2 
I Abstraction, doctrinal function, transformation 
by formal equivalence In tlie preceding chapters we 
have seen fragments of aiithmetical stuictiue emeiging fiom 
theoiies not pnmaiilj" concerned with aiithmetic although 
apphcahle to it The question thus aiises as to what extent 
any theoiy is aiithmetic In any instance the answei must 
at piesent he more oi less indefinite if, as suggested in 
Chaptei 1, theie exists no agreement concerning what can 
legitimately he called arithmetic One kind of geneialization 
would draw no shaip distinction between algebi a, aiithmetic 
and analysis Fiom the point of view adopted heie this is 
a misconception, the whole subject becomes entiiely too 
simple and too structureless to be of inteiest unless it 
pieserves the cential featuies of lational aiithmetic namely 
the existence of integial elements and then unique factoiization 
AVhat follows is meiely a senes of pioposals towaid an 
aiithmetical theoiy of the stiucture of any theoiy constructed 
in accordance Tilth the accepted pi ocesses of logic, it is an 
attempt to suggest a leason foi the constant lecuiience in 
theories applicable to the theory of numbeis of an abstract 
structure which is itself aiithmetical It is complete in no 
detail Whatever mterest it may have lies in its attempt to 
show the need foi more extensive postulational formulations 
of the several divisions of lational anthmetic than have been 
attempted, and in its indication of a new type of anthmetization 
which perhaps goes deeper than any yet pioposed With the 
injection of Dickson arithmetics into the theory of numbeis 
it is apparent that “general aiithmetic” m the classic sense 
of Dedekind andEhoneeker is too lestncted This indicates 
160 
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one direction in which geneiahzations of the theoij of numbei's 
may be sought Anothei, to be sketched heie, is less ot a 
geneialization than an absti action Its applications \m11 be 
chiefly to the compaiison of existing geneiahzations and to the 
exhibition of such absti act identities of foim as aie concealed 
beneath then vaiious mteipietations The detailed aijphcation 
of the suggested piogiam to even the simplei theoiies of 
aiithmetic is a difficult mattei, and is beyond the scope ot 
the piesent chaptei, although consideiable piogiess has been 
made by my students The pioject is feasible but needs 
patience foi its complete elaboiation 

The point ot view will be obiioiis to aii3one acquainted 
with the Geneial Analysis of E H Mooie as developed in 
his Colloquium Lectuies, 1910, and in his lectuies at the 
Univeisity of Chicago, oi vith the concept of dottimnl 
functions as stated by C J Kejsei mnltiplp intu- 

pi eiations of postulate systems^ eft, Jouttial oj^ Psydioloify and 
Scientfic Method, New Yoik, \ol 9 no 10, 1913) oi agam 
with the abstractly identical concept ot the system Jtnu tion<i 
of H M Sheffei {The Oeneial Theoiy oj^ KoUdtonnl Relatatty 
mimeogiaphed, Cambiidge, Mass 1921) Foi an accessible 
account of the doctiinal function (we shall use Ke^sei s 
convenient teim) we lefei to his Inbodiiction to MntlMnatt< td 
Philosophy, 1922, Lectuie m It wiU suffice heie to lecaU 
that a doctiinal function is the extension to a sj-stem ot 
postulates and then logical consequences ot the Whitehead- 
Eussell piopositional function The doctiinal function ot a 
given pait of lational aiithmetic, say the theoij of dm- 
sibility, IS what we shall call ihe genei nl theoiy of that pait 
Intel pi stations (obtamed by assigning to the maiks in the 
doctiinal function specific meanmgs such that the tiuth value 
of the function is + (= true)) aie, as befoie called uistanteb 
of the geneial theory Smce the intioduction of doetimal 
functions into mathematics it is improper to call any instance 
a general theory This applies m particular to what is 
sometimes called “general aiithmetic ’ For each of the seveial 
parts of rational anthmetie, such as the theory of the G C D , 
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L C M, congiuences, etc, theie is piecisely one doctnnal 
function, the set of all such, from the piesent point of 
view, IS mifhmetic — we may diop the qualification general 
A value of the doctnnal function is an instance ot arithmetic, 
hut it IS not itself aiithmetic Two complete instances of 
anthmetic have yet to he constructed, of the many partial 
instances the majoiity lefei to the multiplicative side of 
arithmetic It can he decided to what extent any theoiy T 
IS anthmetic hy setting up its doctnnal function and companng 
the result with anthmetic, and similaily foi any geneialization 
of arithmetic Before proceeding to the sketch we shall lecall 
some of the terms used, although this is not necessaiy if 
familial ity with the cited works he piesupposed 
In each of the postulates of a given set T the letteis 
sigmfymg lelations aie replaced hym«iA:s (Boole, E H Mooie; 
denoting variable relations, and similarly foi the i el at a, the 
maiks foi the lattei signifying vanahle elements It is an 
advantage to choose foi the maiks symbols heanng no 
resemblance to the onginals Thus fi>b may he replaced 
by ^ etc The logical constants in Taie 

left unchanged The lesult is the doctnnal function C{T) 
of T By assigning to the maiks in C(T) the intei pi stations 
which they have in T we lecovei T It may be possible 
to assign anothei set of inteiiuetations such that the lesult, 
C(Ti), IS a set of tiue piopositions Each such C{Ti) is a 
value oiC(T)f The pioblemfoi a given T is twofold, fiist, 
fiom T we are to constiuct C{T), second, from CiT) we 
aie eithei to find its values given the elements (lelata), or 
we aie to show that it is impossible to assign such intei- 
pietations to the relations in CCT) that, for the given elements, 
the truth-value ot C(T) is -j- The fe*st part of the pioblem 
can always be solved leadily To solve the second, the 
doctnnal functions for the given elements must be constiucted 
If none of these is C(T) the problem has no solution The 
last is in nature of an existence theorem, it is as impracti- 
cable as many of the standaid pi o cesses of the theory of 
ideals 
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Let C(T), C{&) be distinct doctimal functions Then we 
shall call T a generalization of & only 'when the first of 
the following is true and the second false, 

CiT) D C(0), C(©j D C(T), 

if both implications are tine, so that C(T) = r{&) then 
T, 0 aie identical Instances Tj(j = 1 2, ) ot CiT ) are 

called abstractly iclentucil 

If P, Q aie piopositions such that P = Q that is, 
(P D Q) (Q D P), either of P, Q mav leplace the othei in 
an implication invol’^niig eithei The substitution is called 
transformation by formal enniialmte Its use is to tian^stomi 
given piopositions into othei s moie easih lecogmzable as 
being abstiactly identical 'with othei given pi oposition^j Foi 
example, a ^ b mod m m lational aiithmetic mav be le- 
placed by the assertion that a—b is in the class of mtegial 
multiples of m, in which toim it is abstiactlj identical uith 
congruence with lespect to an ideal modulus 

a Moore’s heuristic principle We have thus tai tvo 
pioblems, (A) Given T, find C'CT), (B) given C\T) find T 
Theie IS now the thud pioblem (C) gi\enC{T) makeC'(T) 
categoiical and separate (\T) into all possible paits (ji,T} 
(; = 1 2, ) such that each is categoiical Eaeh (jiT) 

is a subtheoiy of Ci,T) We have called C('Di) vheie 'It is 
lational aiithmetic, aiithmetic Fiom any P'we aie to isolate 
aU Cj (T) such that D C\T) Let j = a h ,< 

be these Then the nrithmetn ot C’(T) is given by 
j == a, b, ^ , Suppose now that we aie given CiT) 
Then C{T) may be minimized in the categoiical sense, that 
is, from C{T) aie to be i ejected all those of its elements 
which aie imphed by othei of its elements Theie lemains 
an irieducible residue C'{T) which implies CiT) If the 
solution of pioblem (C) is appaiently multiform gi'ving C^-b(T) 
(j = Ij 2, ), then C^j^iT) ^ C^^iT), and the solutions 

aie identical 

As already remarked, the actual solution of problem (B) 
IS impracticable accoidmg to the method suggested by its 

11* 



164 


ALGEBRAIC ARITHMETIC 


existence pi oof— a by no means raie ehaiacteiistic of existence 
proofs in matbematics In the practical attack on (B) a guide 
IS the heimstic principle of Mooie This principle, now being 
accessible in the place cited, may be taken foi granted, 
beautiful lUustiations of it occur in the eailiei papers of 
Dedekmd on algebiaic numbeis and ideals, but it was first 
clearly foimulated as a principle by Moore In what follows 
this pimciple will be lecognized as lesident in the G C D 
of two theories T, 0 The extent to which two theoiies 
aie unified with respect to then central featuies may be 
measured by then GOD 

The algebra of classes (and hence also of relations) is 
essentially arithmetical in stmcture By stiuctuie we mean 
the form of a doctiinal function, leaving foim undefined, (no 
satisfactory definition has yet been given) although it may 
be readily apprehended For example, has the same 

form as pOq, while a ^ h and^Dg have diffeient foims 
It might be piesumed that it would be a simple exeicise to 
specify form by the logical constants and variables involved 
in a given C(T) This however is not the case, it is in 
geneial easy to destioy any such attempted foimulation by 
pointmg out tacit assumptions as to oidei (one such occuits, 
for example, iii classic postulates for oidei itself '‘aBh and 
IB a are distinct”) We shall therefore assume the meaning 
of structure as known That rational arithmetic and the 
algebra of classes should have much in common structurally 
is not unexpected since both aie based on the discrete It 
would be interesting to know which, if either, is logically 
precedent, it is more interesting to take as a hypothesis the 
assumption that logic and arithmetic aie abstractly identical 

The link between arithmetic and structure appears in the 
fundamental dichotomy of logic It will be necessary there- 
fore to indicate how the algebra B of classes (or of relations) 
may be exhibited as an instance of certain parts of arith- 
metic Equivalents will be found in teims of classes and 
relations between them for the G C D , L C M , the theory 
of divisibility, the theory of congruences and unique facton- 
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zation into pnmes in the sense of rational aiithmetic 5 R 
There is also a theory of foims for classes but, owing to the 
law of tautology, it is so rudimentaiy as to be negligible 
The quotient in £ is not unique, that is, the algebia from 
which the aiithmetac is constructed i*b not a division algebra 
although fiather remarkably) the fundamental theorem of 
aiithmetic holds At least two methods of isolating those 
parts of the algebia of classes which aie abstiactly identical 
with parts of aiithmetic aie available AVe may first seek 
a theoiy of divisibility and then construct a tlieoiy of eon- 
giuences consistent wnth it, oi we may take these steps in the 
reverse oidei A chiet objection to the fiist is the absence 
of a set of postulates bioad enough to include all knowm 
instances of mtegial elements By the second method provided 
we can construct a theory of congruences, we aie ipso tacto 
given at least one possible choice of mtegial elements We 
aie not however theieby given a theon of lesidiiation in 
the form of the division tiansfoimation which is the foundation 
of Euclid’s algorithm foi the C D The absence of the 
division tiansfoimation in a given theoiy howetei does not 
necessaiily show that the theoiy is iion-aiithmetical in all 
lespects, foi example theie may be a multiplicam e theory, 
as IS indeed the case foi Dedekmd ideals, wheie the tians- 
foimation IS lacking According to the specific mteipietations 
of the elements concerned one of the methods will usually 
have decided advantages ovei the othei When the elements 
are classes the methods aie on a level, owing to the extieme 
simplicity of the algebia undei lying the aiithmetic Hence 
in the present instance we may choose eithei , on account of 
its gieatei novelty of approach we shall fiist seek a theoiy 
(there is more than one) of congruence for classes 

ARITHMETIC OF S, §§ 3-7 

3 Arithmetical congruence Eor clearness we state 
the postulates for a nng that will be used Consider a 
set 2 of elements x, y, 0, , u’j 0' and two operations S, P 
( — addition, multiplication) that may be performed upon 



166 


ALGEBBAIC ABITHMETIC 


any two equal oi distinct elements cc, y of -S, in this order, 
to produce uniquely deteinuned elements 8{x, y), P{x, y), such 
that the postulates (3 l)-(3 3) aie satisfied Elements of 2 
wiU be called elements of 9ft 

(3 1) 11 x,y are elements of 9fl, then S{x, y), P(x, y) are 
umquely detei mined elements of SR, and 

y) = x), P(x, y) = P(y, x) 

(3 2) 11 x,y, z are any thiee elements of SR, then 

8{S{x,y) z) = 8{x, 8{y,z)), 

F{;P{x,y),z) = P{x, Piy,z)), 

P{x, 8(y, z)) = 8(P{v, y), P(x, z)) 

(3 3) There exist in SR two distinct unique elements, denoted 
by n',z', called lespectively the zeto of SR, such that, 

if X IS any element of SR, then 

8{x,z') = V P(x,n') = X 

Next, considei a ximfo^m idatton C{x,y) in SR, that is, 
C{x, y) IS uniquely significant foi each pair {x, y) ot elements 
a?, y m SR, such that the postulates (3 4)- (3 7) are satisfied, 
wheie X, y, z, w are any elements of SR 

(3 4) C{x,y) D Oiy X). 

(3 5) C{x,y) C{y,z) O 0(,x,z), 

(3 6) C(x,y) C(z,w).0 C(8{x, z), 8(y, w)), 

(3 7) Cia,y) C(z, iv) D C{P{x, z\ P{y, iv)) 

The dot between relations or propositions signifies as usual 
the logical ‘‘and” We shall call C aJgelyratc congruence in SR 

Let 97 denote rational arithmetic If a, &, w are integers, 
an instance in 97 of C is Cia, 6) = (a = 6 modm), but C is 
not sufficient to define in 97 the usual meaning of congruence 
In addition we require 
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(3 8) (a = 0 mod m) = m \ a, m 4= 0, 

(3 9^ (ka = ki mod >») 3 (« = & mod m'), m 4= 0, 

wheie m \ a is read in “m diyides a'\ and wheie qm' — m 
and q = the G- C*D of A,, In these the sign = of 
arithmetic congruence will not be confused with = meaning 
definitional identity and = meaning foimal equivalence 
In 97, 8), (3 9) may be replaced by any tiansforms of 

themselves by formal equivalence We shall not distinguish 
such transforms in the determination of a doetnnal function 
Any set of piopositions (or postulates) abstractly identical 
with (3 8), (3 9) and an instance in 97 of (3 4)-(3 7) will be 
called mitlimetic (onqiiience foi the elements concerned 

The elements of L (the algebia of logic) will be denoted 
by Greek letters, thus a fi, y, denote classes The null 
class (= the zeio of fi) is and the univeisal class ( - the 
unity of S) IS the (logical) sum, pioduct of any tvo ele- 
ments a, /S of S aie wiitten as usual «-|-/? lespec- 
tively The supplement of anj element ot S is indicated b\ 
an accent, thus «' is the supplement ot a, and ct is the 
unique solution of « -j- a' = ce «' = w It is assumed 
that if a yd aie any elements of S, then so also aie 

a yd, oc + yd 

We proceed now to solve (3 4)“(3 7) in S That is \\e 
shall find in S an instance of the doctiinal function defined 
by (3 4)-(3 7) By evident analogies with the theor\ ot 
division foi Dedekind ideals or foi Kioneckei modulai systems 
we are led (among othei possibihties) to the following By 
a I yd in S we shall mean that « tontams yd, that is each 
element of yd is in « Then an instance of (3 4)-(3 7) is 
given by eithei of 

(3 10) G(«, yd) = aydj^, 

(3 11) yd) ^ ya 1 (a + yd), 

in which IS an arbitrary constant element of S Accor- 
dingly, m analogy with 97 we may write (provisionally only, 
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Since the equivalents in S of tS 8), (3 9; in aie yet to be 
satisfied), 

(312) (a = /S mod jw) ^ 

(313) ('cc = /5 mod //) = f.v\iu-\-^) 

That two solutions of (3 4)-(3 7 ) must exist in S, if one 
does, IS evident fiom the dualism between addition and 
multiphcation in S This has no analogue in 97 

Either of (3 12), (3 13) may be taken as the solution of 
the problem of algebraic congiuence m 2 To obtain arith- 
metic congiuence in S we must satisfy also any pan of 
equivalents ot (3 8), (3 9), and foi this we require the 
following considerations 

4 The arithmetic ^ero, unity in S, arithmetic 
division, addition and multiplication in fi We ex- 
clude division by zero in 97 except in the one case when 
the dividend is zero, when, we shall say, the quotient exists 
and IS indeteiminate This of couise is not equivalent to 
saying that the quotient does not exist If the quotient by 
zero is defined never to exist (which again is a radically 
different assertion from that which states that the quotient 
exists and is wholly indeterminate), we aie forced into iiie- 
concileable contradictions between 97 and 2, for w | w in S, 
while, according to the usual (loose) convention regaiding 
division by zero in 97, 0/0 is without meaning Our con- 
vention so far as 97 alone is concerned alteis nothing that 
is customary in 97, with legaid to S it makes possible a 
complete isomoiphism This perhaps is a mmoi point, but 
for exactness it must be stated 

Considei in 97 a relation Z) such that 

(4 1 ) xDXf 

(4 2) xDy yDz D xDz, 

(4 3) ^T>y yDx D x = y, 

where xBy ^ uniquely significant foi each x^z' («' = the 
zero m 37) and y in 37, with the exception that z'Dz' is 
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Significant but mdeteiminate in fR An instance m STl of 
(4: l)-(4 3) is given by 

KiJDy = ju divides y 

This solution is valid also in St M tov x^z' the tiuth 
value + of xDy imphes the existence in 91 of a unique ii 
such that y — P(x, it), the quotient in 91 is said to be 
unique, and similarly in any instance of 91 The solution 
in 91 IS unique, m 21 it is not This is in fact the distinction 
between a holoid and an orthoid lealm But, according to 
oui pi 0 visional desciiptions of aiithmetic it is immateiial 
whethei the quotient be unique piovided onlj that the 
fundamental theoiem of aiithmetic subsists In S dnision 
as defined in a moment does not yield a unique quotient 
but it does lead to unique factoiization in the sense of 
Analogy "with the theoiy of ideals suggests that ve take 
in S eithei of the following, 

(44) 

(4 5) aDfi — ^\a 

Thus (4 4) states that in S « diiides is identical with 
cc contains (4 5) asseits that a dtitdes is identical with 
/J coniavns « As in detei mining C (a, a tw'otold solution 
(if one exists) is necessary by the duahsni in S and eithei 
implies the othei It does not yet follow’^ that eithei of 
(4 4), (4 5) IS an interpietation of division m S which is 
consistent with algebiaic congruence in fi To complete the 
solution we leqmre the G C D , the L C M and the zeio, 
unity in S 

The G C D and the L C M aie given by the followmg 
abstractions to 91 of the G C D and L C M in 91 after 
transfoimation by foimal equivalence as suggested by the 
theory of ideals, (it is obvious that these functions can have 
no meaning in teims of older relations if they are to be 
significant for 91, S as well as 9i, hence the transformation) 
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Considei m two opeiations Gj L upon elements of 31 
such that, y being m 31, G{x, y), L(x, y) aie uniquely 
determined elements of 31 and the postulates (4 6)-(4 14) are 
satisfied. 

(4 6) 0(x, y), L(x, y) are unique, 

(47) G{x,y) = Giy,x), 

(4 8) G(x, G{y, z)) = G{G{x, y), z) ^ G{x, y, z), 

the last of which defines Gix,yy z), 

(4 9) G(x,y)I>x G(x^y)I>y, 

(410) zDx zDy D zDG(x,y), 

(4 11) L(x, y) = L(y, x), 

(4 12) L{x, Liy, z)) — L{L{Xj y), z) — L{x, y, z). 

(413) xDL{x,y) yDLix,y), 

(414) xDz yDz D Lxjy)Dz 

Eoi example, (4 13) asseits that in 31, x dtmdes the L Junction 
of X, y and y diiides the L function of x, y It would be 
more consistent to write D {x, y) f oi x D y, but we have 
chosen the form used m oidei to lecaU its inteipietation 
in 31 Clearly the above aie satisfied in 31 by (r (a, V) = the 
G C D of the integeis a, b, and L (a, b) ~ their L C M 
In Si they are satisfied by eithei of the following, m which 
it IS obviously necessary to take account of the twofold 
solution foi JD in S, 

(415) (3^(«, ^)^a + /?, L{cc^t3)~ajS, 

(4 16) ^ /Si a, G{cc, Ji) ~ a jS , L{cc, J3) = ci-{- JS , 

either of which follows fiom the other by the dualism in B 
It is now apparent that the addition ci-\-j8 and the multi- 
plication afi of S are sufficient but not necessary for an 
arifhmeUc of ^ In Bjy^ we shall define the zero C and 
the unity v by 
(4.17) 0 = «, 


P(a, y) = Of, 
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where S, P are as m either of the following, 

(4 19) S(cc, — a + /S, P(a, /S) = afi, 

(4 20) S(cc, = a/J, P(u, /?) = « + /? 

and theiefoie (b, v) ^ (w, e) m (4 19), while (C r) = (f, co) m 
(4 20) The unity in 9>i is the unique element which divides each 
element of 9^ In abstiact identity with -this we have in 

(4 21) aDfi = a\fi, v = vDy, 

(4 22) otD^ = v — m vDy, 

where y any element of 2 Agam, it is well known 

{Pnnctpin Mathemat7(a, 1st edition, vol I, p 232, *2413) 
that « I M In 2n we have, abstractly identical wnth 'li 

t\r 0 (C = «), 

/Is (/ + D (C = ^), 
are false piopositions, 

5 Recapitulation We define 2^ b\ eithei of the 
following columns (which aie duals of one anothei in 2) 


Sum, S{ci, fi) 


ctfi. 

Pi oduct, P{cc, /?) 

«/S, 

« + /S, 

Q C D, Gicc, fi) 



L C M, Lice, J3) 

«>S, 


a = J3 mod 

^t|(a + /S), 

K/SI^U, 

seiOf t 

Cd, 


umty, 1 ' 

e. 

w, 

cc divides fi, a D/S 


^\ct 


in which «, /3 are any elements of 2, e, « aie the unitj, 
zero in 2, and cc\fi is i ead, ct contains, oi includes, fi ’ 
Either column gives an isomorph 2n of 9i in 2 when as 
presently, we complete congruence 

Order relations in aie replaced m 2^? by the following 
If m a given set of elements of 2jv there be a unique element 
different from the unity in 2n which divides each element 
of the set, it is called the loiver extreme of the set, if m 
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a given set there exists a unique element different from the 
zero in which is divisible by each element of the set, 
that element is called the uppet exit erne of the set Division 
IS of couise to be taken in the sense of a definite one of 
the above duals, and the zero, unity in Sjv aie taken from 
the same one By the use of extiemes ‘"gieatest” and “least” 
in the G C D and L C M can be lestated in exact identity 
with Foi example, the ‘greatest” = the upper extieme, 
the ‘ least” = the lowei extieme, and the G C D then 
becomes the ‘ gieatest” element of which divides each 
element of a given set, the L C M becomes the “least” 
element of Sj? which is a multiple of each element in a given 
set It IS to be noticed that ‘ greatest”, “least” aie not 
necessarily identical with ‘most inclusive”, ‘‘least inclusive” 
respectively, the roles with lespect to inclusion may be the 
exact opposites of these Durthei, the pioperty in 97 that 
the piodiict ot the G C D and L C M of two elements 
IS equal to the pioduct of the elements is pieserved in Zn 
(eithei type as above) 

6 Arithmetic congruence m It is now cleai 

that (3 8) in 97 has in the equivalent 

(61) (c£ = ^ mod/i) = pDa 

To find the eqiuvalent of (3 9) we need the concept of le&iduals 
as used in modular systems, the residual also exists in 97. 
We shall first define it foi 91 If «, Z, sn aie elements 
of 97, in which the umty is n', such that m is uniquely 
detei mined by 

(6 2) [rtD{P(Z,&)}] {mDn 

(that is, if a divides the product in 97 of Z and &, and m 
also divides Z, and m is different from the unity in 97), 
where Z runs through all elements of 97, m is called the 
residual hJRa of h with lesp&it to a, and we write m = hita 
In 97 the lesidual of h with respect to m is the quotient 
of m by the G C D of & and m , hence it is m' in (3 9) 
In (6 2) becomes 
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(6 3) [«Z){P(A.;«)}] \ii,Dk] [,. + t.] = ,L ^ fiBa, 

where A is an arbitiary element of 8 a Hence, in Sa. the 
abstractly identical equivalent of (3 9) in 91 is 

(6 4) {P{y,ct) = P{x, yd) mod /cf] D [« = /? mod ^Efi] 

whicb can readily be veiified to be a true pioposition foi 
eithei form of 

7 The fundamental theorem of 91 m As le- 
maiked in Chapter I it is fiequently piofltable m seeking a 
unique factorization theorem to follow up any piopeitv of 
uniqueness for the elements considered Foi example, horn 
the unique expiession of any symmetiic function ot given 
elements of 91 in terms of the elemental y sjunmetiic functions 
of those elements we leach at once an isomoiph ot the 
multiplicative pait of 91 foi symmetiic functions to vhich G 
and its consequences can be immediately apphed Foi 
a sufficient pioperty is given bj Boole de-v elopments iLfius 
of ThoKght, Chaptei V, especially Pi op HI, also AVhitehead, 
Universal Algelna, Chaptei II) All teims in a given deve- 
lopment having zeio coefflciente aie assumed to have been 
deleted The product in S of any two teims in a gi\en de- 
velopment is the zeio in S, the sum of all the teims the 

unity m S Hence if a, aie any distinct oi identical (m 
which case a = /S) terms in a development, a l /d p ce — yd 
From a given set of classes S is geneiated by the operations 
of logical addition, multiplication and takmg of supplements 
the Boole development of the (logical) unity of the set gives 
a set of terms such that the development of any element ot 
S as a sum in S of such teims is unique The dual devel- 
opment IS also unique and is obtained by taking supplements 
of both sides of the original development of the supplement 
of the given element of 2 

These considerations give us the fundamental theorem of 
91 in Sjv It is to be understood that addition, multiph- 
cation in 2n lefer to a definite one (either) of the columns 
m § 5 It IS then easy to verify the following, where we 
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have airanged abstractly identical theoiems and definitions 
feom 97, in parallel columns to show at a glance the 
isomoiphism 

(7 11) If the G- C D of a, h (7 12) If the G C D of «, jS 

IS 1, then a, h are called is v, then a, /d aie called 

eoprime coprime 

(7 21) It/c divides the product (7 22) If y divides the product 
of « and h, and k, a are of a and /?, and y, « are 

coprime, then k divides 6 copiime, then y divides /d 

(7 31) q is called prune if (7 32) n is called prime if 
divides q when and and only if (x Dn) (x =t= v) 

only when k — q D x — tt 

(7 41) Piimes exist, they may (7 42) Primes exist, they may 
dll be found by sifting all be found fiom the Boole 
I'Eiatosthenes), and they development of and they 
toim a copiime set foim a copnme set 

(7 51) A positive integei is (7 52) A given element of 
uniquely the pioduct of is the piodiict of piime 
primes elements in one way only 

(7 61) The G C D and L C M (7 62) The G C D and L C M 
of any set of positive iiitegeis of any set of elements of 
can be wiitten down from can be wiitten down fiom 

theu lesolutions as in (7 51) then lesolution as in (7 52) 

(7 71) By algebra @ the mul- (7 72) The same as (7 71), 
tiplicative piopeities of with obvious changes in 
anthmetical functions are notation 
reduced to abstiact identity 
vith 

The list can be mdefinitely extended and we have already 
seen that the theoiy of congruences in 97 goes over mto Sjv 
In summary we can state that iJie i^my of doss indusion 
and that of congyiwnces and dwisihility in rational arithmetic 
are distinct tallies of one doctrincd function 
The dual solution m § 5 abolishes any intrinsic distmction 
between “least’^ and “greatest” m the senses of „ least in- 
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elusive ”, most inclusive ” Aecoi dmgly, when in the following 
we refei to G C D’s and L C M’s it is to be undei stood 
that oiii univeise of discouise is a paiticulai one of the 
columns in § 5, and that, thioughout a given context, the 
same one of those columns is meant The possibility that 
in a given tlieoiy sometimes one mteipietation is used and 
sometimes the othei, according to the end m view, may be 
ignoied, as it leads to nothing essentially new, as can be 
easily shoi\n 


AKITHMETIZATION, 8-9 

8 Classification of doctrinal functions Accoidmg to 
cm lent definitions a doctiinal function is a set of postulates 
togetliei with the set of all logical consequences of those 
postulates, a postulate is a pi opositional function, that is, 
the symbols of lelations and elements (lelata; aie maiks and 
the lelatioiib and lelata aie vaiiables If specific mtei- 
pietations can be assigned to the maiks so that the lesulting 
doctiinal function has the tiutli value ve shall call the 
ipsult (as betoie) a -salue oi an instance ot the timction 
In oui piesent discussion we aie inteiested in the functions 
themselves, not in theu values Let C{T) be a doctiinal 
function By the above (usual) definition C[T) coiitams in 
geneial paits winch aie not logically independent of othei 
pai ts If fi om C'X T) we isolate C\ ( T) such that (\(T)0 ('(T) 
IS tiue and Cs{T)0 CiiT) is false if C^iT) and Ci(T) aie 
distinct, wheie CsiT) is a pait of CHT), ve may caU Ci^T) 
a leduied foim of C{T), and we shall assume that if seveial 
reduced foims of C{T) exist they aie logically eqmvalent 
This amounts to leplacing C{T) by its set of postulates 
Henceforth we assume all C'(T)’s to be i educed, a C{T) is 
thus a class of pi opositional functions Hence to the set of 
all (7(T)’s we may apply resolving each CiT) into its 
piimc factors and thence deteinuning the G C D and L C M 
of two or moie Thus Sjy gives us a means of classifying 
general theories with lefeience to their lelations of inclusion 
with respect to implications, and this classification is absfa:actly 
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identical AVitli tLe multiplicative pioperties of tlie positive 
rational integers The algebia ® theiefoie is applicable to 
the study of abstiact structuie It is not necessaiy, of course, 
in any of this, that the T from which C{T) is constiucted 
shall have any numeiical significance It is theiefoie peihaps 
not too much to say that the theoiy of logical structiue is 
an instance of ceitain paits of 91 
9 Nature of anthmetization Fiom a given theoiy 0 
we constiuct its (7(0), and we assume that we have ahead} 
constructed (7(91) (91 = rational arithmetic) Let the Gr C D 
in L of C(0), C(N) be Q Prom G we have C{G) Let the 
lesult of replacing in 0{G) aU maiks (of relations and lelata) 
by their instances as in C(0), be C(&) Then if (7(0') is 
a value of C{G), we shall say that 0 is antlmetized io ihe 
extent 0' o? that 0' 2 s the antlmehc of 0 This piovides 
for the case wheie 0 has no aiithmetic 
In the above we have taken 97, lather than any of its 
current (partial) geneializations as the type of aiithmetic 
If it be desiiable to leplace 97 be any of its paitial gene- 
ralizations, the procedure with lespect to these is the same 
as with respect to 97 It would be of inteiest fiist, howevei, 
to determine to what extent the existing extensions of 97 aie 
themselves arithmetic in the sense of (7(97), foi it seems that 
the ultimate difficulties of aiithmetic leside in the natural 
numbeis lather than in then extensions 
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